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Abstract 

Generalizing a construction of Luck and Oliver [9], we define a good 
equivariant cohomology theory on the category of proper G-CW complexes 
when G is an arbitrary Lie group (possibly non-compact). This is done by 
constructing an appropriate classifying space that arises from a T — G-space. 
It is proven that this theory effectively generalizes Segal's equivariant K- 
theory when G is compact. 

1 Introduction 

1.1 The problem 

Topological K-theory is a generalized cohomology theory which was developed by 
Atiyah and Hirzebruch in the early 1960's: starting from a topological space X, 
one looks at the monoid of isomorphism classes of (complex) finite-dimensional 
vector bundles bundles over X , and after using a standard algebraic construction 
(the Grothendieck group associated to a commutative monoid), one recovers an 
abelian group K(A), called the K-theory of X, and extends it to a functor K(— ). 

This was generalized to spaces by Segal [T3] by replacing vector bundles with 
G-vector bundles. It is now well known that his construction gives rise to a 
good equivariant cohomology theory in the case of actions of a compact group 
on compact spaces or on G-CW-complexes, and that Bott periodicity still holds. 

However, it is still possible to define the equivariant K-theory group Kc(X) 
whenever A" is a G-space. Some properties [5] of Kc(— ) still hold in the general 
case of a Lie group G acting properly on G-CW-complexes (e.g. two G-homotopic 
maps have the same image by the functor Kq(— )). However, even in simple cases, 
Kg(— ) is not a good cohomology theory (excision may fail, cf. [12] and [8]). 

A first positive generalization to non-compact groups was given by Phillips 
using tools from function analysis (T5]. However, it would seem reasonable to 
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define equivariant K-theory by means of homotopy theory. In the following paper, 
we will show that a construction of Luck and Oliver that was featured in [5] for 
discrete groups can be generalized to an arbitrary Lie group. In a following paper, 
we will relate our equivariant cohomology theory to Phillips' |15j . 

1.2 Structure of the paper 

Let G be a Lie group and F denote one of the fields K or C. What we want to 
construct is a good equivariant cohomology theory, which will be written KFq{— ) 
for convenience, defined on a subcategory of the one of proper G-spaces which 
contains at least the category of finite proper G-CW-complexes (see the next 
paragraph for the definitions). For such a theory to deserve the label "equivariant 
K-theory" , we impose a set of conditions. First of all, we want to have product 
maps, i.e. natural homomorphisms KFq(X) <g) KFniY) — > KFqxh(X x Y). 
We also want to have Bott homomorphisms (depending on F) that are linear 
with respect to products, and we want to have Bott periodicity. We finally want 
a connection between Segal's "naive" equivariant K-theory and our functors. 
More precisely, we want to have a natural transformation KFg(-) — > KFg(-) 
that yields isomorphisms for the G-spaces of the type (G/H) x Y, where H is a 
compact subgroup of G, and Y is a reasonable space on which G acts trivially 
(say a compact space, a CW-complex, or a finite CW-complex). When Y is a 
sphere, we recover the equality of the so-called "coefficients" of our equivariant 
K-theory with those of Segal's. The last condition is that the various natural 
transformations KFg( — ) — > KFg{—) should be compatible with product maps, 
and it will follow that they are compatible with the Bott homomorphisms. 

The first step (Section [5]) consists in constructing a classifying space for the 
functor Vectg(— ) which maps every G-CW-complex X to the monoid of isomor- 
phism classes of finite dimensional G- vector bundles over X. In Section [3l we will 
construct a T — G-space Vec ^y°° such that Vec^ 00 has the equivariant homotopy 
type of that classifying space. The G-space KFq°^ := QBVecQ 00 will then be 
used in Section|3]as a classifying space to define K-theory KF G {—) in negative de- 
grees. Following Luck and Oliver, product structures and Bott homomorphisms 
are constructed and then used to define equivariant if -theory in positive degrees. 
In Section [SI we will finally show that our construction generalizes both Segal's 
and Luck-Oliver's. 

During the course of the construction, we will also define two other classifying 
spaces along the way: one that is naturally suited for finite-dimensional G-Hilbert 
bundles and the other for finite-dimensional G-simi-Hilbert bundles (i.e. vector 
bundle with an added structure that is related to the group of similarities). They 
will be needed in [15] to relate our equivariant K-theory with Phillips'. 

A final word: this work features two theorems with very technical proofs. 
So as not to distract the reader, we have relegated those proofs in Sections [X] 
and [B] of the appendix. Section [C] is meant to set things straight on a common 
misconception on T-spaces. 
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1.3 The main framework 

1.3.1 G-CW-complexes 

A G-space A is called a G-CW-complex when it is obtained as the direct limit 
of a sequence (Xt n \) ne ^ of subspaces for which there exists, for every n G N, a 
set I n , a family (Hi) i£ i n of closed subgroups of G and a push-out square 

JJ (G/HA x S"- 1 ► II (G/HA x D n 

iein iein 

X(n-l) > -X"(n) 

in the category of G-spaces (where we have a trivial action of G on both the 
(n — l)-sphere S n ~ 1 and the closed n-disk D n ), with the convention that A_i = 0. 

o 

The spaces (G/Hi) x D n are called the equivariant cells (or G-cells) of X. A G- 
CW-complex is proper when all its isotropy subgroups are compact, i.e. all the 
groups Hi in the preceding description are compact. Relative G-CW-complexes 
are defined accordingly. However, by a proper relative G-CW-complex, we mean 
a relative G-CW-complex (X, A) such that X \ A is a proper G-space (whereas 
X itself may not be proper). 

Given a topological group G, a pair of G-spaces (X, A) is said to be a G- 
CW-pair when A and X are G-CW-complexes and (X, A) is a relative G-CW- 
complex. A G-CW-pair (X, A) is said to be proper when A is a proper G-space 
(i.e. its isotropy groups are compact subgroups of G). 

A pointed proper G-CW-complex is a relative G-CW-complex (A,*), 
with * a point, such that the G-space A \ * is proper. Notice that whenever 
(A, A) is a relative G-CW-complex such that A \ A is proper, the G-space X/A 
inherits a natural structure of pointed proper G-CW-complex. 

1.3.2 G-fibre bundles 

Let G be a topological group. Given a G-space A, we call pseudo-G-vector 
bundle (resp. G- vector bundle) over A the data consisting of a pseudo- vector 
bundle (resp. a vector bundle) p : E — > A over A and of a (left) G-action on 
E, such that p is a G-map, and, for all g G G and x G A, the map E x — > E g , x 
induced by the G-action on E is a linear isomorphism. 

Given an integer n G N and a G-space A, Vectg"(A) will denote the set 
of isomorphism classes of n-dimensional G- vector bundles over A. Accord- 
ingly, Vectg(A) will denote the abelian monoid of isomorphism classes of finite- 
dimensional G- vector bundles over A. 

Given another topological group H, a (G, H )-principal bundle is an H- 
principal bundle 7r : E — > A with structures of G-spaces on £7 and A for which 
7r is a G-map and \/(g,h,x) e G x H x E, g.(x.h) — (g.x).h. Notice then that 
we recover a structure of (G x ff op )-space on E for which the isotropy subgroups 
are closed subgroup which intersect {1} x H op trivially. 
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1.3.3 The category of compactly-generated G-spaces 

Let G be a topological group. A G-pointed k-space consists of a G-space which 
is a k-space (i.e. compactly-generated and HausdorfQ) together with a point in 
it which is fixed by the action of G. 

The category CG' G is the one whose objects are the G-pointed k-spaces and 
whose morphisms are the pointed G-maps. The category CG G * is the category 
with the same objects as CG G , and whose morphisms are the equivariant pointed 
homotopy classes of G-maps between objects (i.e. CG G * it is the homotopy 
category of CG' G ). Given two G-spaces (resp. two pointed G-spaces) X and Y, 
we let [X, Y]a (resp. [X, Y] G ) denote the set of equivariant homotopy classes of 
G-maps (resp. pointed G-maps) from X to Y. 

Let / : X — s- Y be a morphism in CGq and T be a set of subgroups of G. We 
say that / is an F-weak equivalence when the restriction f H : X H Y H is 
a weak equivalence for every H G F. We say that / is a G-weak equivalence 
when / is a /C-weak equivalence for the set K, of all compact subgroups of G. Given 
a set F of subgroups of G, every morphism that is equivariantly nomotopic to 
an F-weak equivalence is itself an F-weak equivalence. 

We finally define Wg as the class of morphisms in CG G * which have G- 
weak equivalences as representative maps. We can then consider the category of 
fractions CG G m [W G ], with its usual universal property. The following properties 
are then folklore and will be used throughout the paper (see [5] for proofs): 

Proposition 1.1. Let G be a Lie group, F a family of subgroups of G stable 

by conjugation and Y -4- Y' an T-uieak equivalence. Then, for every relative 
G-CW-complex (X, A) such that all the isotropy subgroups of X \ A belong to T , 
and for every commutative square 



A - 


-22-> Y 


4 


'I 


X 


Y> 



in CGq, there exists a G-map a : X — > Y such that a o i = a and [f o a] = [a] 
in CG G . Moreover, this map is unique up to an equivariant homotopy rel. A. 

Proposition 1.2. Let Y Y' be a G-weak equivalence between pointed G- 
spaces. 

Then, for every proper pointed G-CW-complex X , the map f induces a bijection 

U:[X,Y] G ^[X,Y'] G . 



For Section l4.5l and in general whenever smash products are concerned, one should loosen 
up this definition and define k-spaces as topological spaces that are compactly-generated and 
weak-Hausdorff. The reader will check this bears no additional complexity. 
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Corollary 1.3. Let J 7 be a class of subgroups of G, and Y — > Y an J- -weak 
equivalence between G-spaces. Then, for every G-CW-complex X whose isotropy 
subgroups all belong to J 7 , the map f induces a bijection: 

U ■ [X,Y] G — > [X,Y']g- 
Corollary 1.4. For every proper pointed G-CW-complex X , the functor 



Fx : 



GGgT 

Y 



factorizes through 



CG h G * 



Sets 
[X,Y]' G 



CG'a'lWa 1 } 




Fx 

y 

Sets 

Remark 1. We may replace CG^T by the category H-G whose objects are 

compactly-generated G-spaces which have an equivariant H-space structure, and 

the morphisms are equivariant pointed homotopy classes of continuous mor- 

f 

phisms of equivariant H-spaces, i.e. X — > Y is such a morphism if and only 
if it is continuous, equivariant, pointed, and the square 



X x X 



fxf 



> Y xY 



X 



f 



Y 



is commutative in CG^T . Let Wh-g denote the class of morphisms in H-G' 1 " 
which are G-weak equivalences. Then, for every pointed G-CW-complex X, we 
recover a functor 

'H-G' 1 ' — -> Qr 

Y — >[*,Y]&. 



G 



x 



Corollary 1.5. For every pointed proper G-CW-complex X, the functor Gx 
factorizes through: 



H-G' 1 



Qr. 



1.3.4 T-spaces 

The simplicial category is denoted by A (cf. [5]). Recall that the category T 
(see [2]) has the finite sets as objects, a morphism from S to T being a map 
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from V(S) to V(T) which preserves disjoint unions (with obvious composition 
of morphisms); this is equivalent to having a map / from S to V(T) such that 
f(s) ("1 f(s') — whenever s ^ s' . 

For every n G N, we set n := {1, . . . , n} and [n] := {0, . . . ,n}. Recall the 
canonical functor A — > T obtained by mapping [n] to n and the morphism S : 
[n] — > [m] to 

fn — >P(m) 

\k i — >• {j eN: {S(k- 1) <j < S(k)}. 

By a T-space, we mean a contravariant functor A : T — ► CG such that A(0) 
is a well-pointed contractible space. The space A(l) is then simply denoted by 
A. We say that A is a good T-space when, in addition, for all n G N*, the 

n 

continuous map A(n) — > Yl A, induced by all morphisms 1 — > n which map 1 to 

i=i 

{i}, is a homotopy equivalence. From now on, when we talk of T-spaces, we will 
actually mean good T-spaces. 

When A is a T-space, composition with the previously defined functor A — > 
r yields a simplicial space, which we still write A, and we can take its thick 
geometric realization (as defined in appendix A of |14j). which we write BA. 
Since A(0) is well-pointed and contractible, we have a map A —> VlBA that is 
"canonical up to homotopy" . Recall that we have an H-space structure on A 

by composing the map A(2) — > A induced by | ~~ ^ j'/^j anc ^ a n0mo ^ o Py 

inverse of the map A(2) —> A x A mentioned earlier. Under suitable assumptions 
on A, one may prove (cf. § 4 of [Tl]) that the map A Q.BA is in some sense 
the "group completion" of the H-space A. 

Here, we will be dealing with equivariant T-spaces, or V — G-spaces: given a 
topological group G, a T — G-space is a contravariant functor A : T — > CGq such 
that: 

(i) A(0) is equivariantly well-pointed and equivariantly contractible; 

n 

(ii) For any n G N* , the canonical map A(n) — > Y[ A is an equivariant homotopy 

i=i 

equivalence. 

Notice that this definition should be more constraining than the one featured 
in [5]. Moreover, whenever H is a subgroup of G and A is a T — G-space, the 
contravariant functor A H : T — > CG obtained by restricting A to the fixed point 
sets for H is in fact a T-space. When A is a V — G-space, we may define as 
before a G-map A — > QBA which is "canonical up to homotopy" and is a "group 
completion" of the equivariant H-space A. 

1.4 Additional definitions and notation 

We set M + := {t G R : t > 0} and R* + := {t G K : t > 0}. The standard segment 
is denoted by / := [0, 1]. 
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By F, we will always denote one of the fields R, C or H. Given two vector 
spaces E and E' over F, L(E,E') will denote the set of linear maps from E to 
E' . When neN and F = R or C, we denote by U n (F) the unitary subgroup of 
GL„(F), and by GU„(F) = F* U n (F) the subgroup of similarities of F n . 

Let k € N* and F = R or C. Then F k comes with a canonical structure of 
Hilbert space. We have a canonical sequence of isometries F 1 F 2 <^ . . . 

<->• ^fc+i c_>. where F k ^4 F fc+1 maps (n, . . . , Xfe) to (xi, . . . , Xfc,0). We 
let ff 00 ) denote the corresponding direct limit limF fe , with its natural structure 

of topological vector space, and its natural structure of inner product space. 
Notice that i*^ 00 ) actually corresponds to the space F°° in [9]. 

When TL is an inner product space, and n £ N*, B n (TL) C will denote 
the space of linearly independent n-tuples of elements of ~H (with the convention 
£>o(%) = *)j while V n (TL) C TL n will denote the space of orthonormal n-tuples 
of elements of "H (with the convention Vo(H) — *). We also let B-h denote the 
unit ball of H, sub('H) denote the set of closed linear subspaces of "H, and, for 
neN, sub n (7i) the set of n-dimensional linear subspaces of ~K. 

When X and Y are compactly-generated spaces, Y x will denote the space 
of continuous maps from X to Y, with the k-space topology associated to the 
compact-open topology. When a group G acts on X and H is a subgroup of 
G, X H standardly denotes the subspace of X consisting of the points of X that 
are fixed by H. We are well aware of the possible conflicts but the context will 
always help the reader avoid them. 

When we have two morphisms X — > Z and Y —> Z of topological spaces, 

1x7 will denote the limit of the diagram X — > Z Y, and, when no confusion 

z 

is possible, we will write X xY instead of X x Y. 

A Z 

If C is a small category, then: 

• Ob(C) (resp. Hom(C)) will denote its set of objects (resp. of morphisms); 

• The structural maps of C i.e. the initial, final, identity and composition 
maps are respectively denoted by 

In c : Hom(C) -4 Ob(C) ; Fin c : Hom(C) -4 Ob(C); 

ld c : Ob(C) ->• Hom(C) and Comp c : Hom(C) X Hom(C) -> Hom(C); 

A 

• The nerve of C is denoted by Af(C), whilst Af(C) m will denote its m-th 
component for any m £ N. 

By a k-category, we mean a small category with k-space topologies on the sets 
of objects and spaces, such that the structural maps induce continuous maps in 
the category of k-spaces. To every topological category C, we assign a k-category 
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whose space of objects and space of morphisms are respectively Ob(CW) and 
Hom(C)( fc) . 

To a k-category, we may assign its nerve in the category of k-spaces, and then 
take one of the two geometric realizations || || (the "thick realization") or | 
(the "thin realization") of it in the category of k-spaces (see [2]). When C and 
V are two k-categories, we may define another category, denoted by Func(C,X>), 
whose objects are the topological functors from C to T>, and whose morphisms 
are the continuous natural transformations between continuous functors from C 
to T>. The structural maps are obvious. The set Ob(Func(C, V)) is a subset 
of Hom(r>) Hom ( c \ and is given the topology induced by the k-space topology 
of Hom(r>) Hom ( c ). The set Hom(Func(C, V)) is a closed subset of the prod- 
uct Ob(Func(C,£>)) x Ob(Func(C, V)) x Hom(£>) ob ( c ) and is equipped with the 

k k 

topology induced by the product topology in the category of k-spaces. From 
the properties of k-spaces (more precisely the adjunction homeomorphisms) , it 
is easy to check that the structural maps of Func(C,X>) are continuous, hence 
Func(C, T>) is equipped with a structure of k-category. 

When M is a topological monoid, we let BM denote the fc-category with one 
object *, such that Hom(*, *) = M as a topological space, with x o y = x.y for 
any (x,y) G M 2 . 

Top will denote the category of topological spaces, TopCat the one of topo- 
logical categories, and kCat the one of k-categories. 

Given a topological space X, we will occasionally use X to denote the topo- 
logical category with X as space of objects and space of morphisms and only 



identity morphisms. 

List of important notation 

VectgpO p. M 

if -frame p. [10] 

ip -mod p. [TU] 

p-Bdl p. HU 

Vecg = | Func(£ G, tp -mod) | p. [IT] 

Vecg = | Func(£ G, </? -frame) | p. QJ] 

E Vecg = | Func(£G, (f -Bdl) | p. HTJ 

e ■. e x F n — > e p. rrrj 

7*(F) : E„(F k ) -> G n (F k ) (universal vector bundle) p. [JJ 

7*(F) : B n (F k ) -> G n {F k ) (universal frame bundle) p. [JJ 

ln {F) : E n {F^)) G„(F(°°)), 7„(F) : B n (F^) -> G n (F^) p. M 



<s 



ry( m )(F) = TT y mn (F) y(F) = TTtt.CF') 


D 


[Til 


iVect£(X),sVect£(X) 


P- 


M 


zVec G , iVec G , EiVec^, sVec G , sVec G , EsVec^ 


P- 




r-Fib F 


P- 


UM 


of : r-Fib F -> r 


P- 


M 


-mod, -imod, -smod : T-Fib F — > kCat 


P- 


M 


-Bdl, -iBdl, -sBdl : T-Fib F -> kCat 


p. 


M 


Hubert 1 -bundles ip : 1 — >■ 1 -.bib F 


P- 


1231 


Vec c : Vec G (,S ) = Veep jvec^, svec c 


P- 


[Ml 


Fib H (S) 


P- 


[251 


Vec£ m = Vec^ ibFm(1) = Vec™^ (i), e tc. 


p. 


US] 


KF [ ™ ] = OBVec£ m , iKF [ ™\ sKF 1 ^ 


P- 


na 


7 : KFg(-) — > KF G (-) 


p. 


ESI 


KFg = VLB Vcc G (ip a Hilbert T-bundle) 


p. 


no 



2 Classifying spaces for Vect£ n (-) 

In Section 12.11 we introduce the notion of a perfect k-categories, which will 
be ubiquitous in the rest of the section. In Section 12. 2[ we start from an n- 
dimensional vector bundle ip, and use it to construct various categories. These 
categories are then used to produce, under suitable conditions on ip, a universal 
n-dimensional G- vector bundle EVec^ — > Vec G for G-CW-complexes, when G is 
a Lie group. Suitable cp's are produced in the end of Section 12.41 In the end, we 
consider similar results when G- vector bundles are replaced by finite-dimensional 
G-Hilbcrt bundles or G-simi-Hilbert bundles. 

2.1 Perfect k-categories 

Definition 2.1. A non-empty k-category C is called perfect when the structural 
map 

f Hom(C) — > Ob(C) x Ob(C) 
1/ (In(/),Fin(/)) 

is a homeomorphism. 

Let X be a k-space. We then let £ X denote the perfect k-category with X 
as space of objects, X x X as space of morphisms, and obvious structural maps. 

k 
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Clearly, £X is a perfect k-category. This yields an equivalence of categories 
£ : CG — > kCat. The following lemmas are easy to check. 

Lemma 2.2. Let C be a perfect category. Then every full, non-empty, closed 
subcategory of C is perfect. 

Lemma 2.3. Let C be a perfect category. Then its geometric realization \C\ is 
contractible. 

Proof. This is proven in the same way as the contractibility of the geometric 
realization of a (discrete) category which has an initial object. Extra care needs 
to be taken about the continuity of the involved maps, but this is straightforward. 

□ 

Proposition 2.4. Let C be a non-empty k-category, and T> a perfect k-category. 
Then the k-category Func(C,D) is perfect. 

Proof. Since Func(C, V) is non-empty, we need to prove that the structural map 
a : Hom(Func(C,P)) — > Ob(Func(C,D)) x Ob(Func(C, V)) 

k 



let / and g be two objects in Func(C, V). The map (/ — > g) 



is a homeomorphism. Injectivity is straightforward. In order to prove surjectivity, 

fOb(C) — > Hom(X>) 
\x ^(f(x),g(x)) 
is continuous, since I? is a perfect k-category. Then (/, g, f —¥ g) is a morphism 
from / to g, because all diagrams are commutative in any perfect k-category. It 
follows that a is a bijection. It thus suffices to prove the continuity of its inverse, 
and this is a consequence of the continuity of the composite map: 



Hom(£>) Hom ( c ) x Hom(2?) Hom ( c ) ^4 Ob(£>) ob(c) x Ob(£>) ob ( c > — > (Ob(X>) x Ob(2?))° b(c) , 

k k k 

where i is given by right composition by Idc and left composition by In-p. The 
usual properties of k-spaces |16| show that those maps are continuous. □ 



2.2 Topological categories associated to vector bundles 

We fix an integer n G N for the rest of the section. Let ip : E —> X be an n- 
dimensional vector bundle over F, and <p : E — ► X the GL„(F)-principal bundle 
canonically associated to it (by considering £ as a subspace of E® n ). We will 
assume that X is a locally-countable CW-complex. Hence, E, E and X are 
k-spaces, and any finite cartesian product of copies of them also is. 
We set 

tp -frame := £E. 

The (right-)action of GL„(F) on E induces the diagonal action of GL n (F) on 
Hom(ip -frame) = E x E. Therefore GL n (F) acts on the category ip -frame. 
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We set 

(p-mod := (p-hame /GL n (F), 

which is obviously a k-category with Ob(<p-mod) = X. An object of ip -mod 
corresponds to a point of X, and a morphism from x to y (with (x, y) £ X 2 ) 

corresponds to a linear isomorphism E x —*E y . The composite of two morphisms 

x A- y and y A z then corresponds to the composite of the corresponding linear 

isomorphisms E x A- E y and E y A E z . 

Finally, we define <p-Bdl as the category whose space of objects is E, and 

whose space of morphisms is the (closed) subspace of E x E x Hom(i^-mod) con- 
ic k 

sisting of those triples (e, e',/) such that ip{e) — j> <p(e') and /(e) = e'; the 

structural maps are obvious. Again, this is clearly a k-category. 

Remark 2. When X — * and ip is the canonical vector bundle F n — >■ *, it is clear 
from the definitions that ip -frame = £GL n (F), and ip -mod = BGL n (F). 

The definition of ip -mod clearly yields a factor ip -frame — > cp-mod. On the 
other hand, we have a functor of k-categories ^s-Bdl — > ip -mod defined as ip : 
U-ilon the spaces of objects and as the third projection Hom(c/?-Bdl) — > 
Hom(</?-mod) on the spaces of morphisms. 

We have a right-action of GL„(F) on <p -frame. Identifying F n with the k- 
category whose space of objects and space of morphisms are F n (with identities 
as the only morphisms), there is a (unique) continuous functor (y -frame) xF n — > 
tp-Bdl whose restriction to objects is: 

( E x F n — > E 

9 ■ < ™ 

' ((*) (Aj)i<j<„) i — > X)^- e »> 
I, i=i 

and which makes the square 

ip -frame x F n > ip -Bdl 

ip -mod xF n — — — > (p-mod 
commutative (iri denotes the projection onto the first factor). 

2.3 Universal G-vector bundles 

Definition 2.5. Given a Lie group G and an n-dimensional vector bundle ip over 
the field F, we set 

Vecg := | Func(£G, c^-mod)|; Vec^ := | Func(£G, tp -frame) | and E Vcc^ := | Func(£G, ip-Bdl) 
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Notice that right-multiplication on the objects of EG induces a right-action 
of G on EG. The three functors tp -frame — > </?-mod, tp-Bdl — > ip -mod and 
(f -frame xF n — > ip-Bdl thus induce, by composition, equivariant continuous 
functors 

Func(£ G, (/j-frame) — > Func(£G, ip-mod), Func(£G, i^-Bdl) — > Func(£G, (p-mo 
and 

Func(£G )¥ > -frame) x F n — 5- Func(£G, </>-Bdl). 

Taking geometric realizations everywhere yields three G-map^] whose properties 
are summed up in the next theorem: 

Theorem 2.6. Let X be a locally- countable CW-complex, ip : E — > X be an 

n- dimensional vector bundle over X , and G be a Lie group. Then: 

(i) Vec G — ► VeCg is a (G, GL n (F)) -principal bundle; 
(ii) EYecQ — > ^ ec G * s an n -dimensional G-vector bundle; 
(Hi) The canonical map 

Vecc ><gl„(f) F" -^EVec v G 

is an isomorphism of G-vector bundles over VeCg. 

Remark 3. When G = {1} and X = *, we recover the usual universal n- 
dimensional vector bundle EGL n (F) XGL n (F) F n — > BGL n (F). 

In [5], Theorem l2.6l was claimed to be true with no proof on why the involved 
maps should be fibre bundles rather than just pseudo-fiber bundles (in there, 
only the case X is discrete was actually considered). However, the proof of this 
is long, tedious, and definitely non-trivial. The details however are not necessary 
to understand the rest of the paper, so we will wait until Section[X]of the appendix 
to give a complete proof. 

2.4 Classifying spaces for Vect^' n (— ) 
2.4.1 General results 

In the upcoming Proposition 12.81 we will see which additional requirements on 

G and ip are sufficient to ensure that the G-vector bundle EVecQ — > VecJS. is 

- — ip 

universal. Let us dig deeper first into the topology of Vec G . Recall that GL„(F) 
acts freely on Vec G by a right-action that is compatible with the left-action of G. 
Thus G x GL n (F) acts on Vec G by a left-action (of course, GL„(F) is considered 
with the opposite group structure from now on). 

2 Local-compactedness of G is actually needed here to ensure that the geometric realizations 
considered here are really G-spaces. 
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Proposition 2.7. Let G be a Lie group of dimension m, and <p : E — > X be an 

n- dimensional vector bundle (with underlying field F) such that E is (to — 1)- 
connected. Then for every compact subgroup K C G x GL n (F): 

• ifKn({l} x GL n {F)) ^ {1} then (Vec G )^ = 0; 

• z/tf n ({1} x GL n {F)) = {1}, tfien (Vec G ) x ~ *. 

Proof. Let K C G x GL n (F) be a closed subgroup. In the case K n ({1} x 

GL n (F)) ^ {1}, we have (Vec G ) = since GL„(F) acts freely on Vec G . 
Assume now that K O ({1} x GL n (F)) = {1}. First, standard arguments on Lie 
groups^] prove that there is a closed subgroup H of G and a continuous group 
homomorphism ip : H — > GL„(i 7 ') such that K = {(h, ip(h)) | h £ H}. 

However (Vecg.)^ = \J- K \- By Lemma \2.2l T K is either empty or perfect as 
a full subcategory of the perfect k-category T . We now show that T K is non- 
empty, i.e. we produce a functor F : EG — > ip -frame which is invariant by the 
restriction of the (G x GL„(F))-action to K. 

On the one hand, we have a left-action of H on Z G, by right-multiplication of 
the inverse. On the other hand, we have a left-action of H on ip -frame, defined 
by h.x — x.ip(h) for every (x,h) £ E x H. Then a functor EG — > 93-frame is 
Jv-invariant if and only if it is TJ-equi variant. However, an 7?-equivariant functor 
is nothing but an ii-map G — > E since ip -frame is perfect. 

However G has the structure of an iJ-CW-complex (for the preceding right- 
action) of dimension < to (cf. j6] theorem II). Also, the only isotropy subgroup 
for the action of H on G is trivial. Finally, the map E — > * induces isomorphisms 
on the homotopy groups of dimension i < m — 1. It classically follows that the 
map [G,E]h — > [G,*]h induced by E — > * is surjective (use the same line of 
reasoning as in the proof of Lemma [TTT|) . Since [G, *}h ^ 0, there is at least one 
iJ-map from G to E, and we deduce that T K is a perfect k-category. The result 
then follows from Lemma \2. 31 □ 

Proposition 2.8. Let G be an m-dimensional Lie group, X\ be a G-CW-complex, 
and ip : E — > X be an n-dimensional vector bundle (with ground field F) such 
that E is [m — \)-connected and X is a locally- countable CW-complex. Pulling 
back the G-vector bundle EVec^ Vec G then gives rise to a bijection 

[Xi,Vec G ] G A Vectg n pri). 

Proof. Let ipi : E\ — > X\ be an n-dimensional G-vector bundle over X\. We let 
ip~i : E\ — > X denote the (G, GL„(F))-principal bundle canonically associated to 
<p t . Then Ex is a (G x GL n ( J F))-CW-complex. 

3 Define indeed H as the image of K by the canonical projection tt\ : G X GL n (_F) — > G\ 
the assumption on K shows that LK n L(G X {1}) = {0}, hence the exponential map yields 
a neighborhood U of 1q in G such that U n H is closed in U. It follows that H is a closed 
subgroup of G, hence a Lie group. Thus the restriction of izi to K induces a continuous bijection 
a : K H. Since both K and H are Lie groups, a is actually a diffeomorphism, and we may 
then define 1/1 as the composite of a -1 with the projection 7T2 : G X GL n (_F) — > GL n (F). 
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By Proposition 12.71 the G-map Vec G -> * is a /C-weak equivalence, where 
K, is the class consisting of all closed subgroups K of G x GL n {F) such that 
K n ({1} x GL n (F)) = {1}. Since F x is a (G x GL„(F))-CW-complex, all the 
isotropy subgroups of which belong to K, (as was shown earlier), we have: 

~ in ~ 

[Ex, Vec G ] GX GL„(_F) — ■> [Ei, *]gxGL„(f) — *• 

Choose / in the unique class of [Ei, Vec G ] Gx GL„(FV Then / induces a strong 
morphism of G- vector bundles 

Ei — FVec G 



Xi — ^— > Vec£. 



G 

We deduce that the map [Xi, Vec G ] G — > Vect G '"(Xi) is onto. We will finish by 
showing that it is one-to-one. 

Let fi , /2 : Xi — !> Vec G be two maps together with an isomorphism E\ = 
/ X *(F Vecg) A / 2 *(F Vec G ) = F 2 of G-vector bundles over X x . Let g : E x -> F 2 
be the associated morphism of (G, GL n (F))-principal bundles. Then g is a 
(G x GL n (F))-map from E\ to F2. Since [E\, Vec G ] Gx GL„(F) — *> the maps 
f 2 °g and /i are (G x GL„(F))-homotopic, and it follows that fi and f 2 are 
G-homotopic. □ 



2.4.2 Fundamental examples 

For any pair (n, k) e N 2 , we let G n {F k ) denote the space of n-dimensional linear 
subspaces of F k , ~f k (F) : E n (F k ) — > G n {F k ) the canonical rt-dimensional vector 
bundle over the Grassmanian manifold G„(F fe ), and j k {F) : B n (F k ) -> G n {F k ) 
the GL n (F)-principal bundle associated to it. We also let 7«(F) : F„(F(°°)) — s- 
Gn(F^°°') denote the canonical n-dimensional vector bundle over G n (F^°°^), and 
7n(F) the GL„(F)-principal bundle associated to it. Recall that G n (F k ) is a 
finite CW-complex for every pair (k,n) € N 2 , and that G n {F^°°'), with the 
topology induced by the filtration G n (F k ) C G n (F (oo) ), is a locally-countable 
CW-complex for every n E N. We finally set 7( m )(F) := JJ 7™"(F) for every 

m G N*, and 7 (F) := JJ 7 n(F). 

Let G be an TV-dimensional Lie group. For every m > N, the space Gk{F mk ) is 
X-connected for every ieN (cf. Theorem 5.1 of [S]). It follows from Proposition 
I2.8l that. for every k £ N, every n > N, and every proper G-CW-complex Xi, we 
have a bijection 
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induced by pulling back the vector bundle EVec^ — > Vec G fc . Moreover, for 
every fc G N, we have a bijection 

[Xi,Vec£ (F) ] G AVect£ fe (Xx). 

It follows that, for every fc 6 N, every n > N, and every connected G-CW- 
complex X\, we have bijections 



^i,L[Vec^ (F) 

feeN 



Vect G (Xx) and 

G 



Vectg(Xi). 

G 



Obviously, these results still hold in the case X\ is non-connected. 

2.5 Similar constructions using isometries or similarities 

Here, F = R or C. 

Definition 2.9. A simi-Hilbert space is a finite-dimensional vector space V 
(with ground field F) with a linear family (A(— , — ))agr^ of inner products on V. 

The relevant notion of isomorphisms between two simi-Hilbert spaces is that 
of similarities. We do have a notion of orthogonality, but no notion of orthonor- 
mal families. The relevant notion is that of simi-orthonormal families: a family 
will be said to be simi-orthonormal when it is orthogonal and all its vectors share 
the same positive norm (for any inner product in the linear family). Equiva- 
lently, a family of vectors is simi-orthonormal iff it is orthonormal for some inner 
product in the linear family. We also have a simi-orthonormalization pro- 
cess: if (ei,...,e/c) is a linearly independent fc-tuple in a simi-Hilbert space, 
there is a unique norm || — || in the family such that ||ei|| = 1. We then ap- 
ply the orthonormalization process to (ei,...,efc) with respect to this norm 
to obtain a simi-orthonormal family. This process is compatible with similar- 
ities (i.e. if u is a similarity of V for some inner product space in the family, 
(ex, . . . , &k) is a linearly independent fc-tuple, and (/x, . . . , fk) is obtained from it 
by the simi-orthonormalization process, then (u(fi), . . . , w(/fe)) is obtained from 
(u(ex), . . . , u(efc)) by the simi-orthonormalization process), and is continuous with 
respect to the choice of the family. 

Definition 2.10. Let G be a topological group. 

• For n e N, an n-dimcnsional G-Hilbcrt bundle is a G-vector bundle with 
fiber F n and structural group U n (F). 

• For n G N, an n-dimensional simi-G-Hilbert bundle is a G-vector bundle 
with fiber F n and structural group GXJ n (F). 

• A disjoint union of fc-dimensional G-Hilbert bundles, for fc e N, is called a 
G-Hilbert bundle. 
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• A disjoint union of fc-dimensional G-simi-Hilbert bundles, for k G N, is 
called a G-simi-Hilbert bundle. 

Remarks 4. When G = {1}, we simply speak of Hilbert bundles or simi-Hilbert 
bundles. Since U n (F) C GXJ n (F) C GL n (F), any G- Hilbert bundle is in partic- 
ular a G-simi-Hilbert bundle, and every G-simi-Hilbert bundle is in particular a 
G- vector bundle. 

There is a broader definition of G-Hilbert bundles (see e.g. [H]) which encom- 
passes bundles with infinite-dimensional fibers, but we will not use it. 

In a Hilbert bundle, we have a Hilbert space structure on every fiber, and we 
derive a notion of orthonormal basis on each fiber. In a simi-Hilbert bundle, we 
only have an inner product on each fiber defined up to a positive scalar, i.e. a 
structure of simi-Hilbert space on each fiber. From the theory of fibre bundles, 
we derive familiar notions of (strong) morphisms of G-Hilbcrt bundles (resp. of 
G-simi-Hilbert bundles) . 

If tp : E — > X is an n-dimensional G-Hilbert bundle (resp. a G-simi-Hilbert 
bundle), we may consider the subspace iE C E® n (resp. sE C E® n ) consisting 
of orthonormal bases (resp. of simi-orthonormal bases) on the fibers of <p. The 
map iE X (resp. sE — > X) is easily shown to yield a (G, ?7„(i 7 '))-principal 
bundle (resp. a (G, GU n (F))-principal bundle), so that the G-fibre bundle with 
fiber F n and structural group U n (F) (resp. GU n (F)) canonically associated to 
it is isomorphic to p. 

Let X be a G-CW-complex. For every n € N, we define zVect G "(X) (resp. 
sVect G ' n (X)) as the set of isomorphism classes of n-dimensional G-Hilbert bun- 
dles (resp. G-simi-Hilbert bundles) over X, and jVect G (X) (resp. sVect G (X)) as 
the abelian monoid of isomorphism classes of G-Hilbert bundles (resp. G-simi- 
Hilbcrt bundles) over X. 

Replacing GL„(F)-principal bundles by C/„(F)-principal bundles (resp. G\J n {F)- 
principal bundles), and starting from any n-dimensional Hilbert bundle (resp. 
simi-Hilbert bundle) <p : E — >• X, we may define the k-categories yj-iframe, 
</?-imod and (/j-iBdl (resp. 95-sframe, </?-smod and (/j-sBdl), with a construc- 
tion that is essentially similar to that of ip -frame, (p -mod and i^-Bdl. For every 
Lie group G, we then obtain G-spaces iVec G , iVeCg and EiVecQ (resp. sVec G , 
sVec G and -EsVec G ). 

We may then prove results that are similar to Theorem 12.61 and to Proposi- 
tion 12.81 To be more precise, on the one hand, if (p : E — > X is an n-dimensional 

sp 

Hilbert bundle such that X is a locally-countable CW-complex, then iVec G — > 



i Vec G has a structure of (G, U n (F)) principal bundle, EiVoCq — > i Vec G a struc- 
ture of G-Hilbert bundle, and the natural map iVec G y.u n (F) F n ~> EiXec^ 
is an isomorphism of Hilbert bundles. On the other hand, if <p : E — > X is 
an n-dimensional simi-Hilbert bundle such that X is a locally-countable CW- 
complex, then sVec G — > s Vec G has a structure of (G, GU n (-F))-principal bundle, 
Es Vec G — > s Vec G a structure of G-simi- Hilbert bundle, and the natural map 

sVec G ><GXJ n (F) F n EsVecQ is an isomorphism of G-simi-Hilbert bundles. 
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Moreover, if if : E — > X is an ?i-dimcnsional Hilbert bundle such that E 
is (m — l)-connected with m = dimG, the map [Xi, i VeCgjc — > iVect^' n (Xi), 
induced by pulling back the universal G-Hilbert bundle EiVecQ — > iVecQ, is a 
bijection for every G-CW-complex X\. Finally, if <p : E — > X is an rt-dimensional 
simi-Hilbert bundle such that E is (m — l)-connected with m = dimG, then the 
map [Xi,sVecQ]G — ► sVectg™(Xi), induced by pulling back the G-simi- Hilbert 
bundle EsYgCq — > s Vec^, is a bijection for every G-CW-complex X\. 

We finish this section with an easy result that establishes a relationship be- 
tween the three constructions. If <f> : E — > X is an n-dimensional Hilbert bundle, 
then the inclusion iE C sE induces a canonical functor c/j-iframe — > </?-sframe. 
If 1^9 : E — > X is an n-dimensional simi-Hilbert bundle, then s_B C -E induces 
a functor 99-sframe — > ip -frame. All those functors induce G-maps between the 
G-spaces VeCg, EVec^, etc. . .that were previously defined using if. The next 
proposition, the proof of which is straightforward, sums up their properties: 

Proposition 2.11. 

(a) Let if : E — > X be an n-dimensional Hilbert bundle, and G be a Lie group. 
Then the canonical diagram 

EiVec% ► EsVecg 

i Vecg > s VecQ 

defines a strong morphism of G-simi- Hilbert bundles. 

(b) Let ip : E — > X be an n-dimensional simi-Hilbert bundle, and G be a Lie 
group. Then, the canonical diagram 

EsVec* ► EXec v G 

sVecg > Vecg 

defines a strong morphism of G-vector bundles. 

3 A construction of equivariant T-spaces 

In this section, F = M or C. Our goal here is to construct a T — G-space A 
such that A(l) is a classifying space for the monoid- valued functor Vectg(— ) 
on the category of proper G-CW-complexes. In order to achieve this, we intro- 
duce pre-decomposed G-Hilbert bundles, i.e. families of Hilbert bundles (over 
the same base space) indexed over a finite set: they will be defined in Section 
13.11 as the objects of a certain category T-Fib^. In Sections 13.21 and 13.31 we 
extend the -mod, -frame, -Bdl, etc. . . constructions from Hilbert bundles with 
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fixed dimension to pre-decomposed Hilbert bundles, and then give basic results 
about those. In Section 13.41 we define so-called "Hilbert T-bundles" , a certain 
type of contravariant functors from T to T-Fib F . Any such functor will induce, 
after composition with the -mod construction, a functor from T to kCat, and 
therefore, after composition with | Func(£ G, — )|, we will finally recover an equiv- 
ariant T-space. In Section l3.4.31 we produce particular Hilbert T-bundles Fib F 
for each meN'U {°o} and prove that the equivariant T-spaces Vec ^' m (— ) de- 
rived from them are such that Vec ^' m (l) is homotopy equivalent to VeCg 
We deduce that Vec_g' m (l) is a classifying space for Vectg(— ) on the category 
of proper G-CW-complexes whenever m > dim(G), and that Vec ^.'"^!), with a 
suitable H-space structure, classifies Vectg(— ) as a monoid- valued functor. From 
Section 13.11 to 13.4.31 we systematically make the parallel constructions involving 
isometries and similarities, just like in Section 12.51 In Section 13.4.41 the rela- 
tionship between those three classes of T-spaces is investigated upon. Finally, 
we will show in Section 13.4.51 that natural transformations of Hilbert T-bundlcs 
induce homotopies between associated T-spaces, and apply this to some obvious 
transformations between the Hilbert T-bundles Y\h F for mGff'U {°°}- 

3.1 The category T-Fib F 
3.1.1 Definition 

We define the category T-Fibi? as follows: 

• An object of T-Fibi? consists of a finite set S, a locally-countable CW- 
complex X, and, for every s £ S, of a Hilbert bundle p s : E s — > X with 
ground field F. Such an object is called an S'-object over X. If S = n for 
some n £ N, an S'-object will be called an n-object. 

• A morphism / : (S,X, (p s ) s es) — > (T,Y, (qt)teT) consists of a morphism 
7 : T — > S in the category T, a continuous map / : X — > Y , and, for every 
t G T, a strong morphism of Hilbert bundles 

© E s — ^ E' t 
se 7 (*) 

. 6 v| |« 

X ► Y. 

I 



If / : (S,X, (p s ) s£ s) —> (T,Y, (qt)ter) is the morphism in T-FibF corresponding 
t0 (l,f,(ft)teT), and g : (T,Y,(q t ) teT ) -t (U, Z, (r u ) ueU ) is the morphism in 
T-Fib^ corresponding to ("j',g, {g u )u£u)i then the composite morphism g o / : 
(S, X, (p s )ses) ~^ (U, Z, (r u ) U £u) is the one which corresponds to the triple con- 
sisting of 7 o 7', go/, and the family I g u o 



ft 
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3.1.2 The forgetful functor : T-Fib F > V 

!r-Fib F — > r 
(S,X,(p s ) seS ) 
f = (7, /, (/Oter) : (5, X, (p s ) ses ) -> (T, y, ( ft ) teT ) i— > (7 : T -> 5) 

is a contravariant functor from T-Fibf to T. 

3.1.3 Sums in the category r-Fib F 

Given a finite set T, and, for every t £ T, an object x t — (St,X t , (p*) se s t ) of 
T-Fib^, we define: 



5>:= n$,n**> U x n ^ 

n 

In particular, if p is a 1-object, then n.p is an n-object (with ]J{1} = 
{l,...,n}). 

For example, the sum of two 1-objects (X,p : E 1 — ?> X) and (Y, q : E' — > Y) 
of T-Fib F is ({1,2}, X x y, (pi, p 2 )), where 

£ x y ► £ X x E' ► £" 



Pi 



p and P2 



'i 



x x y ► x x x y > y 

7T1 7T2 

are pull-back squares (7Ti and 7T2 respectively denote the canonical projections). 
3.2 Various functors from T-Fib^ to kCat 

We wish to extend the constructions ip -mod and ip -Bdl from Section[5]to functors 
r-Fib F — > kCat. 

3.2.1 The dimension over a 1-object 

f X — > N 

Let (X,p : E — > X) be a 1-object of T-Fib^. The natural map dim p : < 

i — > dim(E x ) 

is continuous because X is a CW-complex. Thus, setting X n := dim p 
E n ■■= p^ 1 (X n ), and p n = p\ En : E n X n , then p = JJ p n . 
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3.2.2 The functor -mod 

For any 1-object p over X, i.e. any a Hilbert bundle, we define 

p-mod := 1 1 (p n -mod). 

nGN 

We then obtain a canonical functor p-mod — > £X by identifying the spaces of 
objects. For any 5*-object <p = (S,X, (p s : E s — > X) se s), we define the category 
(p-mod as follows: an object of (p-mod is a point x € X, and a morphism x — > y 
in (p -mod is a family (ip s ) se s of linear isomorphisms (p s : (E s ) x ^ (E s ) y . As 
a topological category, (ys-mod is defined as the fiber product of the categories 
p s -mod over £X for all s £ S. 

Let / : ip = (S, X, (p s ) s es) (T, Y, (q t )teT) be a morphism in T-Fibp, with 
corresponding morphisms 7 : T — >• 5, / : X — > Y and (ft)teT- We assign a 
morphism / -mod to / as follows: 

• For every object iGlof <p-mod, (/-mod)(x) := /(x); 

• Let (ip s ) se s be a morphism in tp-mod. For every t <E T, we set 

V>t :=/(» ( © y«) °(/t) _1 

\«€7(t) / 

so that the squares 

are all commutative. We then define 

(/-mod)((v> s ) se s) := (V't)teT- 

It is easily checked that this definition is compatible with the composition of 
morphisms, and it thus yields a functor: 

-mod : T-Fib F — ► kCat. 

3.2.3 The functors -imod and 

For every 1-object p, we set 

p-imod 



-smod 



: = U (Pn -imod). 
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By a construction that is strictly similar to that of -mod, we then recover a 
functor: 

-imod : T-Fib F — > kCat. 

For any S-object <p — (S,X,(p s : E s — > X) se s), an object of t^-imod simply 
corresponds to a point x E X, while a morphism x — > y in ip -imod is a family 
(fs)ses of unitary morphisms ip s : (E s ) x ^ {E s ) y . 
Let p : E — > X be a 1-object over X. We set 

p-smod := ]" ]" (p n -smod) . 

We obtain a functor p-smod — > £X x BW + by assigning (x, y, \\<p\\) to every mor- 
phism (p : E x — > E y (here, \\<p\\ denotes the norm of the similarity ip with respect 
to the respective inner product structures on E x and E y ): this is compatible with 
the composition of morphisms, since we are dealing with similarities here. 

For any S'-object ip = (S,X, (p s ) s es), <p-smod is defined as the fiber product 
of the categories p s -smod over £X x for all s <E S. 

For any S'-object ip = (S, X, (p s : E s — > X) se s), an object of tp-smod simply 
corresponds to a point x E X, while a morphism x — >• y in tp-smod is a family 
( L Ps)ses of similarities <p s : (E s ) x —> (E s ) y which share the same norm. It is then 
easy to extend this construction to obtain a functor 

-smod : T-Fibi? — > kCat. 

The key point here is that the orthogonal direct sum of similarities is not neces- 
sarily a similarity. The condition on the objects of (p -smod that all similarities in 
the family share the same norm ensures that any orthogonal direct sum of them 
is a similarity. 

3.2.4 The functor -Bdl 

Let p be a 1-object over X. 
We set 

p-Bdl:= [](p„-Bdl). 

As in the case of p -mod, we have a canonical functor p-Bd\ — > EX. 

For every S-object p = (S, X, (p s : E s — > X) se s), <p-Bdl is defined as the fiber 
product of the categories p s -Bdl over £ X for all s e S. An object of p -Bdl simply 
corresponds to a family (e^sgs such that, for some x E X: Vs E S, e s E (E s ) x . 
A morphism (e s ) se s — > ( e ' s )ses m <p-Bdl, with e s E (E s ) x and e' s E (E s ) y for all 
s E S, is a family (i^ s ) se s of linear isomorphisms p s : (E s ) x ^ (E s ) y such that 
p s {e s ) — e' s for all s E S. 

As in the case of -mod, we can extend -Bdl to obtain a functor 

-Bdl : T-Fib F — ► kCat. 
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The functors (y9-Bdl — > tp -mod of Section [2] then induce a natural transformation: 



-Bdl — > -mod . 

3.2.5 The functors -iBdl and -sBdl 

For any 1-object p, we set 

p-ffldl:= Jj0„-iBdl). 

As in the case of -Bdl, we recover a functor -iBdl : T-Fibi? — > kCat together 
with a natural transformation -iBdl — > -imod. 
For any 1-object p over X, we set 

p-sBdl := JJ(p n -sBdl). 

This time, we do not form the fiber product over £X, rather over £X x BM.+ , 
as in the construction of -smod. We obtain a functor -sBdl : r-Fibp — > kCat 
together with a natural transformation -sBdl — > -smod. 

3.3 Fundamental results on the previous functors 
Proposition 3.1. Let p : E X be a 1-object and n G N*. Then 

(i) (p-mod) n = (n.p) -mod. 

(ii) (p-imod)™ = (n.p) -imod. 

(Hi) There are three continuous functors F p : (n.p) -smod —> (p-smod)™ 7 G p : 
(p-smod)™ — > (n.p) -smod and H p : (p-smod)™ x I — > (p-smod)™ such 
that 

G p oF p = id ( „. p) _ smod , i?f (p . sniod )« x{ o} = id(p-smod)" and H^ p _ smod) „ x {1} = F p oG p . 

Remark 5. There are similar results for the functors -Bdl, -iBdl and -sBdl. 

Proof. The space of objects of (n.p) -mod is X n , and this is precisely the space 
of objects of (p-mod)™. A morphism in (n.p) -mod is defined by two objects 
(xi, . . . , x n ) and (yi, . . . , y n ) and an n-tuple of linear isomorphisms <fi : E Xi — > 
E yi (for i G {1, . . . , n}); this corresponds naturally to a morphism in (p-mod) n . 
We thus have a canonical isomorphism between the categories (n.p) -mod and 
(p-mod) n . Similarly, we have a canonical isomorphism between the categories 
(n.p) -imod and (p-imod) n . However, this fails for similarities, because of the 
norm condition in the definition of the morphisms of p-smod. 

We define F p : (n.p) -smod — > (p-smod)™ by assigning the n-tuple of mor- 
phisms ((aii, j/i, <pi), . . ■ , (x n , y n , ifn)) of p -smod to every morphism 
((xi, . . .,i„), (yi, . . - ,2/n), (<Pi, ■ • ■ , <p n )) of (n.p) -smod. 
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We define G p : (p-smod) n — > (n.p) -smod by assigning the morphism 
((xi,...,x n ),(yi,...,y n ), (<Pi,fl^| -^2,---,^| •'y'n)) of (n.p) -smod to every 

n-tuple ((xi, 2/1, ipi), . . . , (x n ,y n ,(p n )) of morphisms of p-smod. We readily see 
that G p oF p = id„. p _ smod . 

Finally, we define H p : (p-smod)" x / — > (p-smod)™ by assigning the mor- 
phism ( (xx, yx,<pi) , ^2,2/2, (flf^f) -f^j , ■ • ■ , (x n ,y n , (fl^f) ■fr^) of (p-smod)™ 

to every morphism ((a;i, yi, <pi), ■ ■ . , (x n ,y n ,fn),) of (p-smod)™ x /. It is then 
easy to check that H p is a functor, that its restriction to (p-smod)™ x {0} is 
id(p-smod)" an d that its restriction to (p-smod)™ x {1} is F p o G p . □ 

Proposition 3.2. Let p and q be two Hilbert bundles together with two strong 
morphisms of Hilbert bundles 

E — i—t E' E' — ^— > E 
p\ U and p| i . 

X > Y Y ► X 

f 9 

Then these squares respectively induce a functor f -mod : p -mod — > q -mod and 
a functor g -mod : q -mod — > p -mod, together with two natural transformations 

r\ : id p _ mo d — > (g -mod) o (/ -mod) and e : id q _ mo d — > (/ -mod) o (g -mod). 

Similar results hold for the functors -imod and -smod. 

Corollary 3.3. Let S be a finite set, ip and ip be two S-objects ofT-Fibp, and 
f : (p —> ip and g : ip — » tp be two morphisms such that Op (/) = Op(g) = ids- 
Then there are two natural transformations 

rj : id v _ moc i — > (g -mod) o (/ -mod) and e : id^p _ mo d —> (/ -mod) o (g -mod). 

Similar results hold for the functors -imod and -smod. 



Proof of Provosition \3.2\ In order to build 77, it suffices to construct, for every 
x S X, an isomorphism between E x et E g rtr x \) (and to do this in a continuous 

way, of course). This isomorphism is simply given by: < x sUi*)) 

[y i->9(f(y)h 

construction of e is similar. □ 

3.4 Hilbert T-bundles 
3.4.1 Definition 

Definition 3.4. A Hilbert T-bundle is a contravariant functor ip : T — > 
T-Fibp which satisfies the following conditions: 
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(i) Of o^ = id r ; 

(ii) tp(0) = (O,*,0); 

(iii) For every n S N*, there exists a morphism /„ : n.y(l) — > </?( n ) in T-Fib^ 
such that Op(/ n ) = id n . 

Remark 6. Notice that in condition (iii), only the existence of some morphisms 
is required, but they are not part of the structure of a Hilbert T-bundle. 

3.4.2 Induced constructions 

Definition 3.5. Let ip be an object of T — Fib^ and G be a Lie group. We define 

VecQ := |Func(£G, <p -mod) | , iVec^, := |Func(£G, y-imod)| , and sVecJS. := |Func(£G, i^-smod)| . 

In what follows, we let ip be a Hilbert T-bundle and G be a Lie group. 
Definition 3.6. We define three functors from T to CGq: 

Vecg : S .— > Vec£ (5) , iVecg : 5 i— > i Vec£ (S) and sVecg :Sms Vec£ (S) . 

Proposition 3.7. The three functors VecJS., i Vec ^ and s Vec ^. define T — G- 
spaces. 

Proof. We only prove the proposition for Vec ^, and s Vec ^., since the proof for 
iVeCg is similar to that for Vec^. 

• The case of VeCg. We first notice that <^(0)-mod = *, and so VeCg(O) = *. 

The maps from 1 to n induce a morphism g n : ip(n) — > <p(l) n such that 
Of(g n ) = id n . By assumption on <p, using Proposition 13. II shows there is also a 
morphism /„ : <p(l) n — > ¥>(n) such that Of (/„) = id n . Using Corollary 13.31 we 
deduce that /„ and g n respectively induce equivariant continuous functors 

f n : Func(£G,^(l)"-mod) — > Func(£G, ip(p) -mod) 

and 

g~ n : Func(£ G, (p(n) -mod) — > Func(£G, <p(l) n -mod), 

and equivariant natural transformations fj : id — > f n o g~ n and fj : id — > g~ n o f n . 
Therefore, g n induces an equivariant homotopy equivalence 

|Func(£G,^(n)-mod) |Func(£G, ip(l) n -mod) | . 

From Proposition 13.11 we derive that (ip(l) -mod)" = ^(1)" -mod, and it 
follows that 

|Func(£G,^(l)"-mod)| ~ |Func(£G, (^(1) -mod)™)| |Func(£G, cp(l) -mod) |™ . 
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We thus have an equivariant homotopy equivalence 

Vecg(n) = |Func(£G,<^(n)-mod)| -=* |Func(£G, ^(1) -mod)|" = Vecg(l) n , 

and it is easy to check that it is induced by the maps from 1 to n. We conclude 
that Vec_Q is a V — G-space. 

• The case of s VeCg. As in the above case, we obtain an equivariant homotopy 
equivalence 

|Func(£G, y(n) -smod)| ^> Func(£G, [n.y>(l)] -smod)| . 

We set p :— y(l). With the notations from Proposition 13.11 we obtain func- 
tors F p : (n.p)-smod — > (p-smod)™, G p : (p-smod) Tl — > (n.p) -smod and H p : 
(p-smod)" x I — > (p-smod)". 

We thus recover three equivariant functors: 

Fp : Func(£G, (n.p) -smod) — ► Func(£G, (p-smod)"), 
Gp : Func(£G, (p-smod)") xl — > Func(£G, n.p -smod), 

and 

HP : Func(£G, (p - smod)") X 7 — > Func(£G, (p - smod)"). 

We easily find that G p o Fp = id, and that Hp is an equivariant homotopy 
from id to Fp o G p . After taking the geometric realizations, we obtain that 
\Fp\ is an equivariant homotopy equivalence and \G p \ is an equivariant homo- 
topy inverse of |-F p |. Therefore, the natural map |Func(£ G, (p(n) -smod) ^> 
|Func(£G, (y(l) -smod)") | is an equivariant homotopy equivalence. However, we 
know that |Func(£G, (<p(l) -smod) n )| = |Func(£ G, <p(l) -smod)|™. Therefore, the 
map 

sVecg(n) = |Func(£G,(p(n)-smod)| -=> |Func(£G, ^(1) -smod)|™ = (sVecg(l)) n , 

induced by the maps from 1 to n, is an equivariant homotopy equivalence. We 
conclude that sVecJ?, is a T — G-space. □ 

3.4.3 Fundamental examples of Hilbert T-bundles 

Definition 3.8. For every finite set S, we let r(S') denote the set of maps 
/ : V(S) — > V(N) which respect disjoint unions (and in particular /(0) = 0), and 

such that f(S) is finite. We will write S^N when / E T(S). 

For an inner product space % (with underlying field F) of finite dimension 
or isomorphic to F^°°\ and for a finite subset A of N, we may consider the inner 
product space H A as embedded in the Hilbert space H°°. We then define Ga(J-L) 
as the set of subspaces of dimension #A of TL A , with the limit topology for the 
inclusion of G#a(E), where E ranges over the finite dimensional subspaces of TL. 
When A is empty, we set G$(H) = *. 
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We let pa{T~L) ■ Ea(TL) — > Ga(H) denote the canonical Hilbcrt bundle of 
dimension j^A over Ga(H)- The set Ea(H) is constructed as a subspace of the 
product of W A (with the limit topology described above) with Ga(H)- 

Remark 7. In any case, Ga(H) is a countable CW-complex. 

For every finite set S, we define the following object of T-Fibi?: 

Fib w (5) := (S,X n (S),(p n (s))ses), 

where 



X H {S):= ft 
fer(s) 



and, for every s € S, 



fer(s) 



Pf(s)CH) x J] id G /(s ')CW) 
S 'esx{s} 



Let 7 : 5 — > T be a morphism in T. We define a morphism Fib w (7) : Fib w (T) — > 
Fib w (S*) of T-Fibi? for which Op (Fib^^)) = 7, in the following way: for every 
/ € r(S), we consider the map 



n G m {%) 



and, for every s £ S and / G T(5), we have a commutative square: 



te 7 ( s ) 



8 S /(t )(H) 

tS7(s) 



x n g /w (w) 

t£Tx7(s) 



T\G m (H) 

tGT 



-> £? /07W (H) x J] G f[sl) {U) 
s'eS\{s} 



II G /07(si )(H), 



where the upper morphism is given by the previous map and the following one: 



® E m {H) 
tej(s) 



E 



/07(a) 



(H) 



E x t- 



The above squares turn out to define strong morphisms of Hilbert bundles, and 
we deduce that Fib w (7) is a morphism in T-Fibi? whose image by Op is 7. 
Checking that this is compatible with the composition of morphisms is an easy 
task, and we conclude that we have defined a functor 

Fib w : T — > T-Fib F 



such that Of o Fib u = id r . 



2G 



Remark 8. The underlying idea is that we want to map any finite family of finite 
dimensional subspaces of 7^°°) to its orthogonal direct sum in H (oo \ if possible. 
The problem is solved by taking "labeled" subspaces, i.e. pairs (A, x) consisting 
of a finite subset A of N and an # ^-dimensional subspace x of T-L A (the condition 
on the dimension of x is not necessary in this paper but will prove crucial in |15j). 
We then only accept families ((Aj,Xj))igj consisting of labeled subspaces such 
that the Ai's are pairwise disjoint. With this condition, the Xi S ELI* 6 automatically 
pairwise orthogonal, and their orthogonal direct sum may be seen as a subspace 

U At / J- \ 

of W eI so that the pair U A i} © Xi) is a labeled subspace. 

\iei iei ' 

Proposition 3.9. Let T-L be an inner product space with ground field F. Assume 
that T-L is finite- dimensional or isomorphic to F^°°\ Then Fib H is a Hilbert 
T-bundle. 

Proof. Condition (i) has already been checked. Moreover, Fib w (0) = (0, *,0), 
by construction. It remains to prove that condition (iii) is satisfied. 

We choose n elements /i, /2,--., f n m r({l}). Every fi then corresponds to a 
finite subset of N. If /i(l) = 0, we set max(/i(l)) = —1. We then define 

f{l,...,n} —>V{N) 

i<z<n t>l i— > fi(l) + i-l+ E max(/i(l)). 

I i<i<i-i 



For every k S {1, . . . , n}, there is an increasing bijection from //c(l) to 1 /', (fc), 

\l<i<n J 

and these bijcctions give rise to a continuous map: 



II G /4(1) (70— > JI Gf V W) 



l<i<n IJ^/'JW 



and, for every i 6 a strong morphism of Hilbert bundles: 

E Mi)W ► E ( v (H) 

U fi) « 



G fiW W) > Gf x (H). 

' O /i W 



i<j< n 



We have just constructed a morphism n.Fib (1) — ?> Fib w (n) of T-Fib^, 
whose image by Op is id n . Hence condition (iii) is satisfied. □ 

We now tackle the special case where T-L = F m for 1 < m < oo, and try 
to relate it to the constructions of Section [5] (when m — oo, F m should be 
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understood as F^). We will build two morphisms Fib F (1) ^^(F) the 
image of which is idi by O f (cf. Section 12X21 for the definition of ^{F)). 

For n G N, we can identify 7™"(F) with P{o,..., n -i}(F m )- We then obtain a 
strong morphism of Hilbert bundles: 



UE n {F™) > U E m (F« 

neN /er(i) 



U p/ci 

|/<=r(i) 



IJG n (n ► II G m (F™), 

neN /er(i) 

defining our first morphism ^"^(F) — > Fib F (1). 

For any element / <E r(l), we choose a bijection from /(l) to {1, . . . ,71} (for 
some b£N). This induces a strong morphism of Hilbert bundles: 

Ef(i)(F m ) ► E n (F mn ) 



Gf(i)(F m ) ► G n (F mn ). 

Collecting those strong morphisms yields the second morphism Fib F (1) — > 
ry( m J(F). We may now set: 

Yec5 m :=VecS ibFm ; Vec£ m := Vec™^ ; E Vec£ m := E Vec™*"^; 

i Vec F ' m := z VeC g lb ; i Vecg' 7 ™ := i VeCg lb ^ ; EiVecQ ,n :— EiVec^ h 
and 

sVecg' m := sVecg^" ; s Vec F ' m := s Vec™*"" (1) ; £s Vec£ m := £s Vec™' 

The T-space structure of Vec g ' m induces a structure of equivariant H-space on 
Vec F d m =Vec Fm (l). 

Proposition 3.10. Let G be a second- countable Lie group and m £ N*U 
such thatm > dimG. Then EVecQ — > Vec G ' is universal for finite-dimensional 
G-vector bundles over G-CW- complexes, and, for every G-CW-complex X , the 
induced bijection 

$: LY,Vec£ m ]G AVectg(X) 
is a homomorphism of abelian monoids. 

Remark 9. Similar results hold for iVeCg™ (respectively for s Vec^'" 1 ) by replac- 
ing the notion of finite-dimensional G-vector bundle by the notion of G-Hilbert 
bundle (resp. by the notion of G-simi- Hilbert bundle). 

Before proving this, we need two lemmas (the proofs are straightforward hence 
omitted): 
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Lemma 3.11. Let 



E > E' 



X 



-> X' 



be a strong morphism of Hilbert bundles. Then the induced square 

EYec p G > EYec q G 



Yec G 



Vec G 



is a strong morphism of finite- dimensional G -vector bundles. 

Lemma 3.12. Let <p = (S, X, (p s )ses) 4> = (T, Y, (<?t)teT) be a morphism in 
r — FibF such that F (f)(T) = S. Then f induces a commutative square 



jFunc(£G,<^-Bdl)| 



j Func(£G, tp -mod) | 



-> |Func(£G,V-Bdl)| 



-> | Func(£G, ip -mod) 



which defines a strong morphism of finite- dimensional pseudo-G -vector bundles. 



Proof of Proposition . From the previous constructions and Proposition 13.21 we 

deduce that the G-maps Vec G ' m — » Vec G ^ and Vec G — ► Yec G m (induced 
by the above functors) are equivariant homotopy equivalences that are inverse 
one to the other up to an equivariant homotopy. 



Let X be a G-CW-complex. We deduce that the map [X, Vec G 



[X,Yec G ' m ]G induced by Vec G ' m — > 
Lemma 13.111 shows the square 

v(")(F) 



EYec G 



Vec G ^ is a bijection. However, since 



-> £Vec, 



Vec£ 



>(F) 



Vecf 



is a strong morphism of finite-dimensional G-vector bundles, the composite of 



[X,Vec G 



\G 



[X,Yec 



G i 



with 



X,Yec 



F,m 
G 



G 



Yect G (X) (induced by 

v<'")(F) 



X, Vec7 



Yect G (X) induced by pulling back the G-vector bundle E Vec G ' 

We know from Section 12.4.21 that t 
duce that the G-vector bundle EYec G m — > Yec G ' m induces a bijection $ 

X,Yec Fm 



pulling back the G-vector bundle E Yec G — > Vec G ' ) is the map ^ , v «^ G 

Yecf^K 

We know from Section 12.4.21 that this last map is a bijection, and we de- 

F.m , "t t F.m 
G VeC G 

Vectg(X). This proves the first part of the proposition. 

G 
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In order to prove the second part, we consider the commutative square: 



£Vec F ' m x£Vec Fm 

k 



Vec^ ,m x Vec^ ,m 

k 



Func(£G, (Fib F (l)-Bdl) 2 ) 



Func(£G, (Fib*™ (1) -mod) 2 ) 



which defines a strong morphism of pseudo-G- vector bundles; and 

Func(£G, (Fib F '" (1) -Bdl) 2 ) > Func(£G, (2.Fib Fm (1)) -Bdl) 



Func(£G, (Fib F (1) -mod) 2 ) 



Func(£G, (2.Fib F (1)) -mod) 



Fib F ™(2) 



which also defines a strong morphism of pseudo-G- vector bundles. 

Since Fib F is a Hilbcrt T-bundle, we have a functor (Fib F (l)) 2 
(by condition (iii)), and a functor Fib F (2) — >• Fib F (1) induced by the mor- 
phism {1} — > {1,2} of r which sends 1 to {1,2}. The composition of these 
functors induces a commutative square 



Func(£G, (Fib F (1)) 2 -Bdl) 



Func(£G, (Fib F ™ (l)) 2 -mod) 



» Func(fG,Fib Fm (l)-Bdl) 



Func(£G,Fib F (l)-mod) 



and Lemma 13.121 shows that it defines a strong morphism of pseudo-G- vector 
bundles. 

By composing these three squares, we finally obtain a square 



£Vec Fm x £?Vecg 1 

k 



Vec^ m x Vec^? 

k 



-> EVec 



G 



Vec 



G ' 



which is a strong morphism of pseudo-G- vector bundles, and where, by construc- 
tion, the map n arises from the equivariant H-space structure on VeCg m induced 
by the equivariant T-space structure on Vec Fm . 

Let p : E — > X and q : E' — > X be two G-vector bundles over a G-CW- 
complex X, and / : X —> Vec Fm (resp. g : X — > Vec Fm ) be a map corresponding 

to [p] (resp. [q]) by the isomorphism $ : [X,VecQ m ]a — ■> Vectg(X). Then the 
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square 

E®E' ► EVcc Fm x EVec F ' m 

k 

X SMU Vec£ m x Vec£ m 

k 

defines a strong morphism of pseudo-G- vector bundles. Right-composing it with 
the preceding square yields a new square 

E@E' ► EVec F ' m 

X Vec£ m 

which defines a strong morphism of finite-dimensional G-Hilbert bundles, and we 
deduce that $([7r o (/,<?)]) = [p © q]. We conclude that 

<*>([/] + [g]) = *([tt o (/,.g)]) = ]p®q] = [p] + [«] - <&([/]) + $([ff]). 

□ 



3.4.4 Relating the three constructions 

Here, we will assume that the Lie group G is second-countable, i.e. that 7r (G) is 
countable. 

The natural inclusions U n {F) C GU„(F) C GL n (F) induce a commutative 
diagram of natural transformations: 

-iBdl ► -sBdl > -Bdl 

I I I 

-imod > -smod > -mod . 

For every m G N* U {oo}, we have the following diagram: 

EiVec% m ► EsVec F ' m > EVec F ' m 

I I I 

iVec Fm > sVec£ m > Vec£ m . 

The left-hand square is a strong morphism of G-simi-Hilbert bundles, whilst the 
right-hand square is a strong morphism of G- vector bundles. This yields natural 
transformations 

[-,zVec£ m ] G -»• [-,aVec% m ] G -+ [-,Vec£ m ] G 
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on the category of G-spaces. We therefore obtain a commutative diagram 

[-,iVec£' m ] G ► [-,sVeCg' m ] G > [-,Vec% m ] G 

i<i> 

iVectg(-) > sVectg(-) > Vectg(-) 

By Proposition [3A3l ^ an d s$ are isomorphisms on the category of G-CW- 
complexes for any m > dimG, We want to prove that this diagram consists 
solely of isomorphisms on the category of proper G-CW-complexes whenever 
m > dim(G). 

Lemma 3.13. Let X be a finite proper G-CW- complex, and G be a second 
countable Lie group. Then 

iVectg(X) -=» sVectg(X) -=> Vectg(X). 

Proof. Let X be a finite proper G-CW-complex. It suffices to prove the following 
statements. 

(i) Any G-vector bundle over X can be equipped with a compatible structure 
of G-Hilbert bundle. 

(ii) Any G-simi-Hilbert bundle can be equipped with a compatible structure of 
G-Hilbert bundle. 

(iii) If two G-Hilbert bundles E — > X and E' — > X are isomorphic as G-vector 
bundles, then they are isomorphic as G-Hilbert bundles. 

Statement (i) was proven by Phillips (cf. example 3.4 of [H]) in the case F = C, 
since X, being a finite proper G-CW-complex, is locally compact. The same 
technique also yields the case F = R. 

Statement (ii) may be derived from statement (i). Indeed, given an n- 
dimensional G-simi-Hilbcrt bundle E — > X, we want to find an equivariant sec- 
tion of the bundle E — > X, where E x is the linear family of inner products on 
E x given by the G-simi-Hilbert space structure, for every x £ X. This is a 
(G, R^)-principal bundle. If E' — > X is a (G, R+) -principal bundle, then putting 
a G-Hilbert bundle structure on the associated G-vector bundle is the same as 
finding a section of E' X. Hence, (ii) follows from (i) applied to the real case 
for 1-dimensional G-vector bundles. 

Finally, let E A X and E' ^> X be two G-Hilbert bundles, and / : E — > E' an 
isomorphism of G-vector bundles. Then f(f*f)~* ■ E — > E' is an isomorphism 
of G-Hilbert bundles. This proves statement (iii). □ 

Proposition 3.14. Let G be a second-countable Lie group and let m > dim(G). 

Then the maps 

i Vecg' m — >■ s Vec G TO — > Vec^' m 

are G-weak eguivalences. 



(1) 
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Corollary 3.15. Let G be a second- countable Lie group and m > dim(G). Then 
diagram consists entirely of isomorphisms (on the category of proper G-CW- 
complexes). 

Proof of Corollaru \3.15[ Proposition 13.141 shows that, for every proper G-CW- 
complex X, there are two isomorphisms: 

[X,iVec% m ] G ^ [X,sVec^ m ]G A [X,Vee% m ] G . 

This is equivalent to the condition that the two upper horizontal morphisms 
in diagram ([1} be isomorphisms on the category of proper G-CW-complexes. 
Therefore, it is also true for the lower horizontal morphisms. □ 

Proof of Proposition \3. 1J\ By Lemma 13.131 the lower horizontal morphisms in 
JTJ) are isomorphisms on the category of finite proper G-CW-complexes. We 
deduce that the upper horizontal morphisms in (flj are isomorphisms on the 
category of finite proper G-CW-complexes. Therefore, for every n 6 N and every 
compact subgroup H of G, 

[G/H x S n ,iVec% m ] G A [G/H x S n ,sVecg m ]G -A [G/H x S",Vec£ m ]G, 
hence 

^((zVec£ m ) ff ) A 7r„(( s Vec5 m H ^ ^((VecgT) 
for every n € N and every compact subgroup H of G. □ 



3.4.5 How the constructions depend on m 

If m and m! are distinct elements of N* U {oo}, there are linear injections of F m 
into F m . We investigate here what they induce on the preceding constructions. 

Let if and ip' be two Hilbert T-bundles. Any natural transformation r\ : if — » 
if' induces natural transformations rf : ip-mod — > if 1 -mod, irf : y>-imod — > 
y'-imod and srf : p-smod — » (//-smod, which respectively induce homomor- 
phisms of equivariant T-spaces 77* : Vec c — > Vcc j£ , 177* : i Vec c — >■ zVeCg , and 
st?* : sVecg -> sVecg . 

Lemma 3.16. Let if be a T-Hilbert bundle and 77 : if — ► if be a natural transfor- 
mation such that Op (77) = idr- 27ien i/iere exists a natural transformation 

Vecg' y x / Vecg ' y 

which is an eguivariant homotopy from rj* to the identity map. 
There are similar results for irf and srf . 



Proof. For every object S of T, the map 



j Ob{ip(S) -mod) = X s — ► HomO(S) -mod) 

\x ' — > ((Vs)\ x )ses 
provides a natural transformation from the identity of <f(S) -mod to the functor 
77* : ip(S) -mod -> (f(S) -mod. □ 
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Let % and H' be two inner product spaces which are either finite-dimensional 
or isomorphic to F^°°\ together with an isometry a : T~L <-+ %' and an injective 
map (3 : N N. Then, for every finite subset A of N, a and (3 induce a 

linear injection < , , and then a strong morphism 

[{XaJaeA i— )• (<x(xp-Hb))) bmA) 

of Hilbcrt bundles 

E A {H) ► E 0(A) {W) 

1 I 

B A (H) ► B fj{A) (H'). 

From those squares may be derived a natural transformation: 

(a, /3)* : Fib H — > Fib w '. 

This yields natural transformations 

(a, /?)* : Vecg bK — > Vec£ ib *' ; B(a, 0)* : B Vcc^ — ► B Vec^' , 

i(a, (3)* : iVecg bW — > iVec£ ib *' ; Bi(a, /?)* : Bi Vec£ ib * — > Bi Vec™"' , 
and 

*(a,0)* : sVec£ ibW — ► sVec™"' ; Bs(a,(3)* : BsVec™^ — ► BsVcc™*' . 

Proposition 3.17. Let a : % <—l W be an isometry between two inner product 
spaces which are either finite- dimensional or isomorphic to and let f3 : 

N <^-> N be an injection. 

(a) If H = H' , then B(a,(3)* is G-homotopic to the identity map, and so are 
Bi(a,j3)* and Bs(a,/3)*. 

(b) If a' : U U' is another isometry and (3' : N N is another injection, 
then B{a,f3)* and B(a',(3')* are G-homotopic (and the same result holds for 
Bi{a,j3)* and Bi(a' , j3') on the one hand, and Bs(a, (3)* and Bs(a' , /?')* on 
the other hand). 

(c) We have a commutative diagram: 




Vec*g(-). 

Proof. We only prove the result in the case of B(a,{3)*, since the other cases 
may be treated in a strictly identical manner. 
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(a) We apply Lemma [3.161 to the natural transformation (a, (3)* . The homo- 
topy from B(a,(3)* to the identity map of BVec^ is obtained by taking the 
geometric realization of the natural transformation Vec ^, x I — > Vec ^ . 

(b) Assume, for example, that #(N \ /3'(N)) > #(N \ /3(N)). We then choose an 
injection /3" : N ^ N such that j3' = /3" o /3. Thus B(a,p') = B(id w ,/3") o 
B(a,j3), and we deduce from (a) that B(a,j3') is G-homotopic to B(a,(3). 
It thus suffices to prove the result when j3 = 0'. 

Assume now that (3 = /?'. If H is isomorphic to F^°°\ then W is also 
isomorphic to F^°°\ and the result follows from (a). Assume finally that H 
is finite-dimensional. Then there exists an isometry a" : W ^> W such that 
a' = a" o a. Thus B(a', (3) = B(a", id^) ° B(a, f3), and we deduce from (a) 
that B(a',f3) is G-homotopic to B(a,f3). 

(c) Lemma l3 .111 shows indeed that (a, /?)* induces a strong morphism of G- vector 
bundles: 

r^^r Fib^fl) rl , Fib w '(l) 

i?Vec G v ' > EVcc G y ' 



Vec™ H(1) > Vcc™" (1) . 

□ 

Remark 10. If m > dim(G), then B(a,f3)*, Bi(a,f3)* and Bs(a,f3)* are G- 
weak equivalences. This will only be used in the case % = "HI ', and it is then an 
immediate consequence of Proposition [3~. 1 71 (notice that the assumption dim(G) < 
m is useless in this case), so we leave the general case as an easy exercise. 



4 Equivariant K-theory 

In this chapter, F — R or C. Recall that any T — G-space A has an underlying 
structure of simplicial G-space, and thus has a thick geometric realization BA, 
called the classifying space of A, which inherits a structure of G-space. 
For any Lie group G, and any m £ N* U {oo}, we set: 

KF l ™ ] :=nBVe4> m ■ t KF l ™ ] := VBi Vec£ m ; sKF™ := (IBs Vec% m . 

In Section H?T1 we define the equivariant K-theory KFq(-) as the good equivari- 
ant cohomology theory in negative degrees classified by the equivariant H-space 
KF^ . In Section 14.21 we construct a natural transformation 7 : Ki 7 ^ ( — ) — > 
KFq(—), and then prove in Section T4.3I that jx is an isomorphism whenever 
X = (G/H) x Y, where H is a compact subgroup of G and Y is a finite CW- 
complex on which G acts trivially. The proof is based upon Segal's theorem on 
T-spaces. Alternative classifying spaces are discussed in Section 14.41 Finally, 
Sections 14.51 and 14.61 are devoted to the construction of product structures on 
KFq(— ), on Bott periodicity and the extension to positive degrees. 
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4.1 Equivariant K-theory in negative degrees 

Definition 4.1. Let G be a Lie group, F = R or C, (X, A) a G-CW-pair and 
n e N. We set: 

XF G "(X,A) := [X n (X/A),KF£°%, 

and 

ifF G n (X) :=i^F G "(XU {*},{*})• 
In particular, for every G-CW-complex X, 

KFg(X) := KF G (X) = [X,KFt ] ] G - 

Proposition 4.2. KF G (—) is a good equivariant cohomology theory in negative 
degrees on the category of G-CW-pairs. 

Proof. Both the excision property and the invariance under equivariant homo- 
topy are obvious. The long exact sequence of a G-CW-pair is derived from the 
equivariant Puppe sequence associated to a G-cofibration, since the inclusion 
A C X is a G-cofibration for every G-CW-pair (X, A) (for a reference on the 
non-equivariant Puppe sequence, cf. p. 398 of [3]). □ 

Remark 11. It follows from the properties of negatively- graded good equivariant 
cohomology theories that, for every G-CW-pair (X, A) and every n € N, we have 
a natural isomorphism 

KF G n (X) S Ker [KF G (S n x X) — ► KF G (X)} , 

induced by the projection S"xI-> (S n x X) / ({*} x X), and a natural isomor- 
phism 

KF G n (X, A) SS Ker [#F G "(X U A X) — > #F G "(X)] , 
induced by the projection X LU X — ^ X/A 

4.2 The natural transformation 7 : KFq(-) — > KF^(—) 

Let X be a G-CW-complex. Then the canonical map i : Vec G '°° = Vec G °°(l) — > 

KF^ (which is a homomorphism of equivariant H-spaces) induces a natural 

homomorphism [X, Vec G °°]G [X, KFq]g of abelian monoids, which, pre- 

composed with the inverse of the natural isomorphism [X, Vec G °°]g — > Vect G (X), 
yields a natural homomorphism of abelian monoids 

Vectg(X)^[X,^4°° ] ] G . 

Since [X, KF^ja is an abelian group for any G-space X, we deduce from the 
universal property of the Grothendieck construction that this morphism induces 
a natural homomorphism of abelian groups 

7 x : KF G (X) — > *TF G (X). 
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This clearly defines a natural transformation 7 : KF G (—) — > KFg(-) on the 
category of G-CW-complexes. For every G-CW-complex X and every n£N, the 
inclusion of X into S n x X induces a commutative square: 

KF G (S n x X) ► KF G (X) 

KF G (S n x X) > KF G {X). 

However, we know from Remark[II]that KF G n {X) = kcr [KF G (S n x X) — > KF G (X)\ 
whilst, by definition, KF G n (X) = Kcr [KF G (S n x X) — > KF G (X)] (cf. [S] defi- 
nition 3.1). The preceding square thus induces a functorial homomorphism: 

7 - : KF G n (X) — > AF G "(X). 

Finally, given a G-CW-pair (X, A) and an integer n G N, the inclusion of X into 
X Ua X induces a commutative square: 

KF G n (X l) A X) > KF G n (X) 



fxu a X 



Tx 



KF G n (XU A X) > KF G n (X). 

Again, Remark QT] shows KF G n (X, A) ~ Ker [KF G n (X l) A X) — ► KF G n {X)} 
whilst, by definition, KF G n (X, A) = Ker [KF G n (X l) A X) — ► KF G n (X)]. The 
previous square thus induces a functorial homomorphism: 

r x n A : KF G n (X, A) — > KF G n (X, A). 

This completes the definition of 7 as a natural transformation between negatively- 
graded equivariant cohomology theories on the category of G-CW-complexes. 



4.3 The coefficients of KF&(-) 

The next results will show that KF G (—) deserves the label "equivariant K- 
theory" . 

Proposition 4.3. Let H be a compact subgroup of G, and Y be a finite CW- 
complex on which G acts trivially. Then the map 

7(G/ff)xy : KF G ((G/H) xY)^ [(G/H) x Y,KF [ G x] ] G 
is an isomorphism. 

Corollary 4.4. For every compact subgroup H of G, every n 6 N and every 
finite CW- complex Y on which G acts trivially, the map 

7(G % )xy : KF G n ((G/H) x Y) A KF G ' n ((G/H) x Y) 
is an isomorphism. 
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Proof of Corollary \4-4\ The case n = is precisely the result of Proposition 
For n > 0, we notice that if Y is a finite CW-complex on which G acts trivially, 
then so is S n x Y. We thus have a commutative square 

KF G (S n x ((G/H) x Y)) ► KF G ((G/H) x Y) 

KF G (S n x ((G/H) x Y)) > KF G ((G/H) x Y), 

We deduce that "/(/ g /h)xy ^ s an i somor phism. □ 
In order to prove Proposition 14.31 we need to establish the following result: 

Proposition 4.5. Let H be a compact subgroup of a Lie group G . ThenKF G ((G/ H)x 
— ) is classified by an H-space as a functor from the category of finite CW- 
complexes to the category of abelian groups. 

Proof. Notice first that for any finite CW-complex Y on which G acts trivially, 
there is a natural isomorphism 

fVectg(F) -=> YectfZ((G/H) x Y) 
\[E] 1 — > [G Xh E]. 

This yields a functorial isomorphism 

KF H (-) ^KF G ((G/H) x -) 

on the category of finite CW-complexes on which G acts trivially. It thus all 
comes down to proving that KFh is classified by an H-space over the category 
of finite CW-complexes on which H acts trivially. In the rest of the proof, we let 
J denote the set of isomorphism classes of irreducible finite-dimensional linear 
representation of H with ground field F. Since H is a compact group, we know 
that J is countable. 

• The case F = C. For every j e J, we choose some Vj in the class j. For any 
finite CW-complex Y on which H acts trivially, we have a canonical H-vector 
bundle ^ (Y) :Vj xF->y over Y. Next, we consider the two morphisms 

Vector) — > ©Vcct(F) f0Vect(y) — >Ycct H (Y) 

]£J and I jeJ 

t ^ © Hom(^(y),0 l&W ©(fca^OO)- 

The theory of linear representations of compact groups shows that these homo- 
morphisms are well-defined and inverse one to the other. They are also functorial, 
and so yield a natural isomorphism 

K H (Y) © K(Y). 
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We choose an H-space B which classifies K(— ) on the category of compact spaces, 
with a strict unit e (i.e. Vx 6 B, x.e — e.x — x), e.g. B = Zx colim_BGL n (C). 

If J is finite of order N, then B N is the sought H-space. 

Assume now that J is infinite. Then KFh(Y) ^ © K(Y) for every finite CW- 
complex Y with trivial action of H. We define as the homotopy colimit of 

for n 6 N. An element of 2?(°°) 

V^l ; ■ • ■ j X n ) 1 ' v*^l ) • • • j %n : 6 J 

may be considered as a family ((xk)k£N, t) G -B N x [0,+oo[, where x^ = e when 
fc > [t]. Let X be a compact space. We define: 

\X,B] —>[X,B<-°°)] 



ax 



([/!],... ,[/ n ],0,...) 



a: H- ((fx(x),...,f n (x)),n) 



Since X is compact, any map X — > _B(°°) may be factored through X — > B n » 
U p to homotopy for some n £ N, and similarly for any homotopy A x / — > 
We deduce that ax is a bijection. 
Finally, we define a multiplicative structure on B^°°' by: 

{5(0°) x >• 
[((xi, . . . , x m , . . . ), t) , ((yi, . . . ,y n , . . . ), t')] 1 — > [(xi.yu . . . , a^y*, . . . ), sup(i, *')] • 

This map is well-defined, continuous, and (e, 0) is a (strict) unit for the H-space 
( m particular (e,0).(e, 0) = (e, 0)). We easily see that ax is a homomor- 

phism of abelian monoids. Since this isomorphism is functorial, we deduce that 
classifies ~KFh on the category of finite CW-complexes with trivial action 

of H. 

• The case F = R. For any j s J and an arbitrary V, in j, we set -Dj := 
Endc(Vj). Then Dj is isomorphic to R, C or H (see Proposition A.l of [TT]b 
For Fi = R, C, H, we let Jp 1 denote the subset of those elements j in J such that 
Dj^Fl 

Then, by an argument similar to the one in the complex case, we obtain a 
natural isomorphism 

KO H {Y) A ( © KO(Y) ] © f © K(Y) J © ( © KSp(Y) 
Vie Jit / v'eJc / V-jeJiH 

on the category of finite CW-complexes with trivial action of H. The proof 
then runs similarly to the one in the complex case, but this time we consider a 
classifying space Bp 1 of Ki r i(— ) for each Fx = R, C and EL □ 

We will also need the following theorem: its very technical proof is given in 
appendix [B] 
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Theorem 4.6. Let G denote a Lie group, and H be a compact subgroup of G. 
Then (VecQ°°) H , (iVecQ°°) H and (sVeCg°°) ff all have the homotopy type of a 
CW- complex. 

Proof of Proposition ^. 3\ Given a compact subgroup H of G, ( Vec ^°°(— )) H is a 
T-space. By Theorem 14.61 (Vec G '°°(l)) ff = (Vec G '°°) H has the homotopy type 
of a CW-complex. Proposition 13.4.31 shows that 

M(VecG°°) H ) = [*, (Vec£°T] = [G/ff,Vec£°°] G = Vectg(G/JT) = Vect£(*) = Rep F (H). 

hence TLep F (H) = 7To((VeCg ) (i.e. the monoid of isomorphism classes of 
finite-dimensional linear representations of F) contains a free and cofinal sub- 
monoid: the one generated by the irreducible representations of H . Finally, 
nB(Ve4'°°) H = (KF l ™ ] ) H . 

We deduce from Proposition 4.1 of [13], applied to the T-space ( Vec ^' 00 ) H , 
that, for every contravariant functor F from the category of finite CW-complexes 
to Ab which is classified by an H-space, and every natural transformation rj : 
[— , (VeCg°°) ff ] — > F, there is a unique natural transformation rf : [— , (K Fq°^) h ] — > 
F which extends rj. In particular, any natural transformation [— , (KFq°^) h ] — > 

[-, (KF%° ] ) H ] under [-, (VecJ 00 )^] is the identity. 

For any finite CW-complex Y with trivial action of G, we deduce from Propo- 
sition 13.4.31 that 

[Y, (Vec5°°) H ] = \{G/H) x y,Vecg°°]c - Vectg((G/tf) x Y). 

By Proposition 14.51 ~KFq{{G/H) x — ) is classified by an H-space on the cat- 
egory of finite CW-complexes on which G acts trivially. We deduce that there is 
a unique natural transformation 5 : [— , (KFq^) h \ — > ~KFq{{G / H) x — ) which 
extends [-, (Vcc^°°) H } — > KF G ((G/H) x -). 

On the other hand, by the universal property of the Grothendieck construc- 
tion, for every contravariant functor F from the category of finite CW-complexes 
to Ab, and every natural transformation Vectp((G/i?) x — ) — > F, there exists 
a unique natural transformation Ki 7 c((G/ H) x — ) — > F which is compatible 
with the preceding one. In particular, any natural transformation Ki r c((G/ H) x 
-) — ► KF G ((G/H) x -) under Vectg((G/i?) x -) S [-, (VecJ 00 )^] is the 
identity. From there, it easily follows that ^(g/h)xy is an isomorphism for any 
finite CW-complex Y on which G acts trivially. □ 

4.4 Alternative classifying spaces 

The space KFq°^ is not the only relevant classifying space for the functor KFg{— ) 
on the category of proper G-CW-complexes. Indeed, iKF^ and sKFq°^ (resp. 
KFq, for m £ N*) also qualify when G is second countable (resp. discrete). 
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Proposition 4.7. Whenever ttq(G) is countable (i.e. G is second-countable), the 
sequence of morphisms of equivariant T-spaces i Vec G 00 — > s Vec c '°° — > Vec c ,oa 
induces a sequence of G-weak equivalences iKFq — > sKFq° — > KFq hence 
a sequence of isomorphisms 

[X,iKF%° ] ] G A [X,8KF%° ] ] G A KF G (X) 

for every proper G-CW-complex X . It follows that IKFq and sKFq are 
classifying spaces for KFg(-) whenever G is second-countable. 

Proof. It suffices to check that the maps (iKF l ™ ] ) H -> (sKF 1 ^ 1 )" and (sKF^) H -> 
{KFq^) h are homotopy equivalences for every compact subgroup H of G. It 
follows that we only need to make sure that B(sYec^°°) H -> 5(Vcc G °°) ff and 
B(iVecQ°°) H — > B(sVecQ°°) H are homotopy equivalences. Using statement (ii) 
in proposition A.l of [14] and the definition of a T — G-space, we are thus re- 
duced to proving that the maps (i Vec G ,00 ) ff — > (sVec G '°°) H — > (Vec G '°°) H are 
homotopy equivalences. However, by Proposition 13.141 the maps i Vec G 00 — > 
sVec G °° — > Vec G °° are G-weak equivalences, hence the maps («VeCg°°) ff — » 
(sVec G '°°) ff — > (Vcc G '°°) H are weak equivalences. By Theorem 14.61 and White- 
head's theorem (cf. Theorem 4.5 of [1]), those maps are actually homotopy equiv- 
alences. □ 

Proposition 4.8. Let G be a discrete group and m G N*. Then the morphism 
KFq^ — > Kf)j^ in CG'q (which is well-defined by Lemma \3.17\ ) is a G-weak 
equivalence, and, for every proper G-CW-complex, it gives rise to an isomorphism 
[X, KFq^]g KFq(X). Hence KFq is a classifying space for KFg(—). 

Proof. We choose a linear injection a : F m <-}■ F^°°\ It suffices to check that, for 
every compact subgroup H of G, the map (Vec G m ) ff — > (Vec G °°) ff induced by 
(a, idpi) is a homotopy equivalence, since ( Vec G ' m ) g is a T-space. By Theorem 
14.61 and Whitehead's theorem, we are reduced to proving that Vec G ' m — > Vec G °° 
is a G-weak equivalence, i.e. that 

[X,Vec£ m ] G ^[X,Vec£°°] G 

is an isomorphism for every proper G-CW-complex X. Since G is discrete, we 
may apply Proposition 13.4.31 twice to obtain that [X, Vec G ' m ] G Vect G (X) and 

[X, Vec G °°]G — > Vect G (X) are isomorphisms for any proper G-CW-complex X. 
The result then follows from point (c) of Proposition 13.171 □ 

4.5 Products in equivariant K-theory 

Here, we will follow the ideas from Section 2 of [5]. For every pair (G,H) of Lie 
groups, we build a pairing KF^ A KFjj — > KF G ^ H , i.e. a morphism in the 
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category CGq xH \W g ^ h ]. This pairing is obtained by constructing functorial 
maps 

Vec£°°(S) x Vecg°°(T) -> Vec^ H (S x T) 
induced by functors 

ip(S) -mod xip(T) -mod — > ip{S x T) -mod, 

where <p = Fib F( ' . A cautious reader will find a difference in the definition 
of pairings between ours and that of [5]. In fact, the definition adopted in [§] 
carries a sign error, and therefore cannot lead to the claimed results. There is 
another problem in [9]: there was a misinterpretation of some construction of 
Segal which lead to the false claim that there is a natural homotopy equivalence 
VLB A — > fl 2 B 2 A, when A is a good T — G-space. This is fixed in Section[C]of the 
appendix. 

4.5.1 Hilbert T-bundles with a product structure 

For any nef, we define a functor 7rl n) : T" -> T as follows: 



(Si) 



i=l 



(fi : S, -> Tt) 1<i<n 4" 3 ((/0i<»<») = {(^)kku} -> J] /<({*<}) 

\ KKn 



Given an list (x±, . . . , x n ) of objects of r-Fibp, with Xi = (<§,, .Xj, {pj)j^Si), set 

n / n n \ 



i—1 \i—l i—1 



For every n G N*, these products yield a functor w^ n ' : (F-Fibp) 71 — > r-Fibp 
defined by 

n 

{<Pi)l<i<n 1 > n<Pi 

i=l 

{^,kAfl)t^)) 1<t<n \K { r\(li)l<i<n),flfi,( ®/i 

y 1=1 V 1 - 1 / (t«)i<*<„eriT^ 

Let <£> : r — ► r-Fibi? be a Hilbert T-bundle, and n > 2 be an integer. There 
are two "natural" functors ip o Tip and tt^ o 93" from to T-FibF- The 
diagram 

r n y " > (r-Fib F ) Tl 

r — ^— ► r-Fib F 



might not be commutative, which motivates the next definition. 
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Definition 4.9. If n is an integer greater or equal to 2, and ip a Hilbert T-bundlc, 
an n-fold product structure on p is a natural transformation 



m : 7r (n) o p 1 



(«) 

— > Ifi O 7Tp 



such that Op (m) = idp™\ A 2-fold product structure is simply called a product 
structure. 

A product structure on a Hilbert T-bundle p is simply the data, for every 
pair (S, T) of finite sets, of a morphism ip(S) x <p(T) — > <p>{S x T) in the category 
T-Fibi?, with some additional compatibility conditions. 

Definition 4.10. Let n be an integer greater or equal to 2, ip be a Hilbert T- 
bundle, and to and m' be two n-fold product structures on ip. 
We say that to maps to to' if and only if there exists a natural transformation 
n : p o 7r r ™^ — ► 95 o ir^ such that n o m = m! . 

We say that to and to' are equivalent if and only if they belong to the same 
class for the equivalence relation (on the set of n-fold product structures on p) 
generated by the binary relation "map to" . 

Given two product structures m and m' on a Hilbert T-bundle <p, to maps 
to to' iff we have the data, for every pair of finite sets (S,T), of a morphism 
V(S,T) '■ <fi(S xT)-> <p(S x T) such that the diagram 



p(S x T) 



m (S,T) 



p(S) x p(T) 



V(S,T) 



"*(S,T) 

ip{S x T) 

commutes, with some additional compatibility conditions between the t}^s,t)' s - 
Definition 4.11. We define the transposition (or "twist") functor 

'r x r — > r x r 

T r :l(S,T) ^{T,S) 
k (7i,72) 1 — >• (72,7i)- 

Definition 4.12. Let $ and * be two functors from T 2 to T-Fibi?, and / : $ -> * 
be a natural transformation such that Op (/(s.t)) = idrxs for every pair (S, T) 
of finite sets. 

We define Tf as a natural transformation between functors from T 2 to T-Fib f as 
follows: for every pair (S,T) of finite sets, if / (SiT) = (id TxS ,g, {9t,s)(t,s)eTxs), 
then 



{Tf)(s,T) ■= {idsxT,g,{gt,s)( s ,t)eSxT)- 
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If p is a Hilbert T-bundle, and m is a product structure on <p, one can easily 
check that T(m o Tp) is another product structure on p. Moreover, both m o 
(m x id) and m o (id xm) are 3-fold product structures on p. 

Definition 4.13. Let <p be a Hilbert T-bundle, and m be a product structure 
on p. Then m is called a good product structure when the product structures 
m and T(m o Tp) are equivalent and the 3-fold product structures m o (m x id) 
and m o (id xm) are equivalent. 

Remark 12. A product structure is good when it is commutative "up to natural 
transformations" , and associative "up to natural transformations" . 



4.5.2 Products on KFg 

Here p will denote a Hilbert T-bundle, n an integer greater or equal to 2, and m 
an n-fold product structure on <p. For any Lie group G, we set 

KFg, := flBVec^. 

For every n-tuple of finite sets (Si)i<i< n , m induces a functor 



i((Si)i<i<n) -mod : yj\ tp(Si) J -mod — 5- p ^ J] Si J -mod defined by 

{Xi)l<i< n 1 > TO (S i )i<,<„(( a; i)l<i<n) 

m((5i)i<i<„)-mod : { , S % n I ( " , 



o m,} 

n i>> Ki<« 

KiKK.ensi 



Let (Gi)i<i<n be an n-tuple of Lie groups. We set G :— Y[ The functors 

i=l 

tn{{Si)i<i<n) -mod induce a continuous map 



B n m : JJSVecg. — > B n Vec* 



, , w f . , ?" V.w" 

t=l 

where -B n Vec^ denotes the n-fold realization of the T-space Vcc^ (cf. 14 §1). 

n 

This yields a pointed G-map /\BVecQ. — s> B n Vec^ /-Bq Vec^. and, further- 

n 

more, a morphism /\BVcCq. — > B n Vecfj in the category CG'q . Our first 

z=l 

result is the following key lemma: 

Lemma 4.14. Let m and m' 6e two product structures of order n on a Hilbert 
T-bundle <p. If m and m' are equivalent, then they induce the same morphism 

n 

A-BVecg. — > B n Vecg in the category CG%'. 
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Proof. It suffices to prove the result when to maps to to'. However, any natural 
transformation 77 from m to to' induces a pointed cquivariant homotopy from 
B n m to B n m' , by a result that is essentially similar to Lemma T3. 161 □ 

The previous morphism yields a morphism 

to* : O" ^/\BVecg.^ — ► Q n B n Vec% 
in the category CGq . We also have a pointed G-map: 

n / n \ 

JJfiBVecg. — -> ft" f\BVec%. 

i=l \i=l / 

which yields a morphism in the category C : 



i=l \i=l / 

Composing this last morphism with the above one yields a morphism in GGq* : 

n 

— ► n n B n Vec%. 

i=l 

Composing it with the inverse of — {i^—i ' " * *?) : ft-BVecJS, — >• il n B n VecJS, 
in the category CGq"[Wq ] (cf. the definition of the ijr's in Section [C] of the 
appendix), finally yields a morphism 



in the category CG(?[Wq ]. By Lemma [4.141 this morphism only depends on 
the isomorphism class of the chosen n-fold product structure m. We may rewrite 
the previous morphism as the composite morphism: 

™ ( n \ -C° o-°l 

/\£TF£ — > ft" f\BVec%. ft"B" Vecg < — - 1 ifF^ 

»=1 \i=l / 

Remarks 13. (i) By Corollary [C]2] in the appendix, we would have obtained the 
same morphism by using the inverse of — (i^Ti ° • • • ° i\ % ) in CG'q [Wq 1 ] for 

71-2 

any (fci, . . . , fc n _i) G [7] , instead of using the inverse of —(i^-i " 

(ii) This construction is different from that in [5], where instead of the inverse 
of — • • • the "opposite map" is used (in the sense of inversion of 
the order of looping). The construction of [S] however leads to false claims 
on the ring structure of KFq{—). 
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(iii) The morphism A KF G , — > we have just constructed is clearly nat- 

i—l 1 

ural with respect to the Lie groups G\, . . . , G n . 

Let now m be a product structure on ip, and G and H be two Lie groups. 
Composing with the above morphism, yields a map 

[X,KF%} G x[Y,KF%}' H — ► [XAy,^A^]^ fl — ► [X AY, KF* xH ]' GxH 
for every pointed proper G-space X and every pointed proper i?-space Y. 

4.5.3 Properties of the product given by a good product structure 

Here ip will denote a Hilbert L-bundle, and m a good product structure on ip. 
Let G and H be two Lie groups. The following results are easily shown to follow 
from the definition of a good product structure (see [5] for details): 

Proposition 4.15. The product map [X, KF^]' G x[Y, KF^\' H — ► [XAY, KF GxH ] GxH 
induced by m is bilinear, functorial with respect to X and Y on the one hand, 
and with respect to G and H on the other hand. 

Proposition 4.16. The product induced by m is commutative, i.e. for any 
pointed proper G-CW-complex X and any pointed proper H-CW-complex Y , the 
following square is commutative 

[X,KF%] G x[Y,KF*}' H ► [X AY,KF* xH ] GxH 

j* 

[Y,KF%]' H x [X,KFg\' G ► \YAX,KF* 

xGiHxG 

where i is the transposition of factors, and j is induced by the transposition 
map Y A X X AY and by the map KF GxH KF^ xG , which is itself 
induced by the functor £(H x G) — > £(G x H) associated to the transposition 

map H x G G x H. 

Proposition 4.17. The product associated to m is associative, i.e. for any triple 
(Gi, G2, G3) of Lie groups, for any triple (X\,X<i,Xs) such that X{ is a pointed 
proper Gi-CW- complex for every i S {1,2,3}, the square 

[X u KF%ir Gl x [X 2 ,KF* 2 ] G2 x [X 3 ,KF* a ]' G9 [X x A X 2 , KF^ xG2 ] GixG3 x [X 3 ,KF^]' G3 



[XuKFgJgi X AX 3' KF G 2 xG p )g 2 xG 3 [ X 1 AX 2 AX 3i KF G 1 xG 2 xG 3 \g 1 xG 2 xG 3 

induced by the good product structure m is commutative. 
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4.5.4 Typical product structures on Fib F ' 

Let n be an integer greater than or equal to 2, and a : N n ^ N be a bijection. 
Identifying the canonical basis of F(°°J with N, we use a to obtain an isomorphism 
aF '■ <8> F^ 00 ' —> f(°°) which is bicontinuous with respect to the limit topology 

8=1 

for the inclusion of finite-dimensional subspaces. It follows that we obtain a 
bicontinuous isomorphism 



a F 



ken 



(_p(oo)-){fc} 



fceF 



:i ® • • • <g> x„ e ® ■ • • ® (F^)^ i — > a F {xi <g> • • • <8> x n ) G (F< c 



where, for every fc G N, (i^f 00 ))^} denotes the space of maps {fc} — » (seen 
as a subspace of the space of maps from N to i 7 ^ 00 )). 

For every n-tuple {A\, . . . ,A n ) of finite subsets of N, the map a thus induces 
a cartesian square 

Ba,^ 00 ')®-®^^ 001 ) ► S a(AlX ... Xjln) (F(°°)) 



G Al (FH) x .,. xGjt JfH) > G a(AlX ... xAB) (fM) 

in which the top horizontal morphism is defined by 
(E Al {FW) ® • • • ® S A „(F (oo) ) — ► S a(AlX ... xAn) (F(°°)) 

\(xi,F xl ) ® • • ■ <g> (x n , V Xn ) i — > (a F ( Xl ®---®x n ),a F (V Xl <g> • • • <8> F X J). 

Those cartesian squares define strong morphisms of Hilbert bundles, and thus 
induce a natural transformation: 



7 r(")o(Fib F<0 ° , y 



bib O 7Tp , 



hence m a is an rt-fold product structure on Fib F< ' . 

Proposition 4.18. The equivalence class of the n-fold product structure m a on 
Fib does not depend on the choice of the bijection a : N™ — > N. 

— i 
Proof. Let a and p be two isomorphisms N™ — > N. Then 7 := /3 o a is a 

permutation of N, and it induces an automorphism 7' : F^ 00 ^ _F(°°), We thus 

obtain a natural transformation (7', 7)* : Fib F — > Fib F (cf. Section T3.4.5P 

such that mp — (V>7)*(n) TO a- This proves that mp is equivalent to m a . □ 

Proposition 4.19. For any bijection a:NxN N, the product structure m a 
on Fib F is good. 
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Proof. Let Tpj be the transposition of factors of N 2 . Then T(m a o Tp) — m a0 T„. 
We deduce from Proposition ^. 181 that m a and T(m a oTp) are equivalent. More- 
over m a o (m a x id) = m Q0 ( QX id) and m a o (id xm a ) = m ao (id xo) We deduce 
from Proposition 14 . 1 8l that m a o (m a x id) and m a o (id xm a ) are equivalent. □ 

4.5.5 The product maps in equivariant K-theory 

Let G and H be two Lie groups. If we choose a bijection a : N x N ^> N, 

El ( OO ) 

we obtain a good product structure ra a on Fib which yields a morphism 
KF^° ] AKF [ ™ ] ->• ifF^fl in the category GG^ xff [T^J^]. Proposition EM 
and Lemma 14. 141 show this is independent from the choice of a. 

Given a proper G-CW-complex X and a proper H-CW-complex Y, we then 
obtain a map 

m* : KF G {X)xKF H {Y) -> tfif^x 4°°^ -> [X+AY+ ^4^ xff 

= ]fF GX ii(ixy). 

For any proper G-CW-pair (X, A) and any proper ff-CW-pair (Y,B), a similar 
procedure yields, for every pair (m, n) S N 2 , a map 

KF G m (X, A) x KF G n (Y,B) — ► ^F GXjF f(S m (X/A) A S"(F/B),*). 

These are our product maps in equivariant K-theory. Since m a is a good prod- 
uct structure, Proposition 14. 16l and l4~T7l show that they are "commutative" and 
"associative". Just like in [5], one then proves: 

Proposition 4.20. Let G and H be two Lie groups, X be a proper G-CW- 
complex and Y be a proper H-CW- complex. Then the square 

KF G (X) x KF H (Y) lxXlY ) KF G (X) x KF H (Y) 



■1 



KF GxH (X x Y) KF GxH (X x Y) 

is commutative. 

4.6 Bott periodicity and the extension to positive degrees 

Assume F = C. By the same method as in [3], the Bott homomorphism 

P x n A : KF G n (X,A) KF G {n+2 \x,A) 

is defined for every proper G-CW pair and shown to be an isomorphism. In 
our case, this uses Proposition 14.31 and the fact that Bott periodicity holds for 
equivariant if-theory with compact groups (cf. |13]L 
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For any proper G-CW-complex X, a structure of graded ring may also be 
denned on 

KF G (X) := + ®KF G n {X) 

n—Q 

using the good product structure derived from m a . Following the arguments 
from [9], this is easily shown to satisfy the following properties: 

Theorem 4.21. Let G be a Lie group, and X be a proper G-CW-complex. Then: 

(i) The Bott homomorphisms induce an isomorphism 

/3:KF G (X)^KF G (X) 

which is linear for the product of the graded ring KF G (X) (on both sides). 

(ii) The map -fx : — > KFq(X) is a ring homomorphism. 

Corollary 4.22. The cohomology theory KF G {—) may be extended to positive 
degrees on the category of G-CW-pairs, so that we obtain a good equivariant 
cohomology theory with a graded ring structure and Bott periodicity. 

Remarks 14. • The construction of the ring structure and of Bott homomor- 
phisms may also carried out in the case F = K, with the usual modifications. 

• All the previous constructions may also be carried out with iKF^ and 

sKF^ , and this easily yields the same product structure and the same 
Bott homomorphisms when 7To(G) is countable. 

5 Connection with other equivariant K-theories 

5.1 A connection with Segal's equivariant K-theory 

Let G be a Lie group. We have constructed a natural transformation 

7 : KFq(-) — > KFq{-) 

on the category of G-CW-pairs. Recall that, for every non-negative integer n, 
every compact subgroup H of G, and every finite complex Y on which G acts 
trivially, 

7f G % )xy : KF G n ((G/H) xY)^ KF G n ((G / H) x Y) 

is an isomorphism. Also that -fx '■ KFg(X) — > KFg(X) is a ring homomor- 
phism for every G-CW-complex X. 

We now assume that KF G (—) is a good equivariant cohomology theory on 
the category of finite proper G-CW-pairs: we know this is true in the case G 
is a compact Lie group or a discrete group (cf. [5]). In this case, it is easy to 
check that the natural transformation 7 is compatible with the boundary maps 
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in the respective long exact sequences of a pair for the equivariant cohomology 
theories KLF^— ) and KFq(-). It follows that the natural transformation 7 
is compatible both with the long exact sequences of a pair and the long exact 
sequences of Mayer- Vietoris. As a consequence, we have: 

Proposition 5.1. //Ki 7 ^— ) is a good equivariant cohomology theory on the cat- 
egory of finite proper G-CW-pairs, then, for any finite proper G-CW-pair (A, A) 
and every 11 G N, 7^™4 is an isomorphism. 

Proof. By compatibility of 7 with the long exact sequence of a pair, and by the 
five lemma, it suffices to prove that 7^™ is an isomorphism for every proper finite 
G-CW-complex X and every non-negative integer n. Let X be such a proper 
finite G-CW-complex, and n G N. We prove that 7^™ is an isomorphism by a 
double induction process on the dimension of X and the number of cells in a given 
dimension: this is done by considering the long exact sequences of Mayer- Vietoris 
associated to push-out squares of the form 

G/H x S" 1 - 1 ► G/H x D m 

</> 

Y ► (G/H x D m ) U V , Y, 

and then by using the compatibility of 7 with those sequences, together with the 
result of Corollary 14.41 and the five lemma. □ 

With the same arguments as in Section 2 of [5], one also obtains: 

Proposition 5.2. Assume ~KFq(— ) is a good equivariant cohomology theory on 
the category of finite proper G-CW-pairs. Then, for any finite proper G-CW- 
complex X, the homomorphism 

_|_ QQ _|_ OO 

j* x : © KFq U {X) — ► © KF G n (X) 

n—0 n— 

is a ring isomorphism which commutes with the Bott homomorphisms. 

5.2 A connection with the K-theory of Luck and Oliver 

5.2.1 A natural transformation KF£(-) -> K'F£(-) 

Here, G will be a discrete group. For any G-CW-pair (X, A) and any integer 
n, we denote by K'Fq(X, A) the Luck-Oliver equivariant K-theory of the pair 
(X, A) in degree n as defined in [9] . 

We define the category T-Fib^ as follows: 

• An object of T-Fib^ consists of a finite set S, of a locally-countable CW- 
complex X, and, for every s G S, of a finite-dimensional vector bundle 
(with underlying field F): p s : E s — > X . 
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• A morphism / : (S,X, (p s ) s es) — > (T,Y, (qt)teT) consists of a morphism 
7 : T — > S in the category T, of a continuous map / : X — > Y , and for 
every t 6 T, of a strong morphism of vector bundles: 

© Et — tj —> E[ 

»£7(l) 

x >• y 

/ 

The composition of morphisms is defined as in r-Fib^- 
A functor Of* : T-Fib^ -> T is defined as follows: 

(5,X,(p s ) seS ) ^5 
/ : (5, X, (p s ) ses ) -> (T, y, ( ft ) t6T ) .— > ( 7 : T -> 5). 

As in the case of Hilbert T-bundles, we may define the sum in T-Fib^, and 
the functors -mod : T-FibJ, — > kCat and -Bdl : T-Fib^ — > kCat. Statement (i) 
of Proposition 13. II is then true in the case of T-Fib^, and so are Proposition 13.21 
and Corollary 13. 31 

A T-vector bundle is a contravariant functor <p : V — > T-Fib^ satisfying: 

(i) 0f*M=id r ; 

(ii) tp(0) = (O,*,0); 

(iii) Vn £ N*, 3f n : n.ip(l) -> 99(11) such that Of *(/„) = id n . 

Moreover, if F = M or C, we have a natural functor T-Fibp — > T-¥\h* F 
obtained by forgetting the Hilbert structure on the fibers. Any Hilbert T-bundle 
may thus be seen as a T-vector bundle. The two -mod constructions are identical. 

We define a functor ip : T — > T-Fib^ in the following way: for any finite 

set S, we let X$ denote the subset of ( U sub/^i^ 00 ))^ consisting of those 

families indexed over S whose factors are in direct sum, and we equip X$ with 
the discrete topology. For any s £ S, we let pf : — > X$ denote the canonical 
vector bundle over X$ whose fiber over any (xt)tes is x s . We finally set 

iP(S) :=(S,Xs,(p s s ) se s). 

For every morphism / : S — > T in T, the direct sum of subspaces gives rise to a 
morphism ip(f) : ip(T) — > ip(S) in T-Fib^. It is then easy to check that ip is a 
T-vector bundle. 

We observe that the space KFq defined by Luck and Oliver in [5] is simply 
KFq as defined in the beginning of Section 14.5.21 We now wish to relate KFq 
to KF { ™ ] . 
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For any finite set S, the underlying space of Fib i? (5 l ) is the set of ^-tuples of 

+ 00 r n 

subspaces of U F 1 "' that are in direct sum and have a basis consisting of vectors 

n— 

of the canonical basis of U F 1 ™ 1 . Indeed, for any finite subset A of N, F is the 

n— 

only (#A)-dimensional subspace of itself. The isomorphism 

~U° F^ ~> f(°°) 

n=0 



yields a canonical injection of Fib F (S') into X$- These injections yield a natural 
transformation e : Fib^ — > ip between T-vector bundles. Then e gives rise to a 
morphism of equivariant T-spaces: 

e* : Vec ^' 1 — > Vec c . 

We claim that e\ is an equivariant homotopy equivalence. To see this, we choose, 
for every non-negative integer n and every n-dimensional subspace E of F^ 00 ^ , 
an isomorphism E ^> ^I"- 1 !. Those choices yield a strong morphism of vector 
bundles 

El ► IJ E f(1) (F) 

/er(i) 



4 



X 1 > IJ B m (F). 

/er(i) 

Using results that are essentially similar to the ones of Proposition 13.21 and 
Lemma [3T6] (adapted to the case of T- vector bundles), we conclude that the nat- 
ural transformation e : Fib^ — > ip induces an equivariant homotopy equivalence 

e\ : Vecg 1 ^> Vec^ . 

Since Vec ^' 1 and Vec ^ are T — G-spaces, we deduce that e* s : Vec ^' 1 (S) 
Vec ^iS) is an equivariant homotopy equivalence for every finite set S. 

We finally deduce from the previous discussion that e* induces a G-weak 
equivalence 

e* : KF [ q ] — ► KF G . 
Since G is discrete, Proposition 14.81 applied to m = 1 shows that the canonical 



map KFq — > KFq is a G-weak equivalence. By composing its inverse with 
e* : KFq) — > KFq, we recover an isomorphism KFq^ 1 — > KFq in the category 

For every pointed proper G-CW-complex X, this morphism induces a group 
isomorphism 

[x,kf^] g ^[x,kf g ] g . 
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For every n E N and every proper G-CW-pair (X, A), we thus obtain a group 
isomorphism 

e~ x y : KFc n (X, A) A K'F^ n (X, A). 

This defines a bijective natural transformation from our equivariant K-theory 
to the one of Luck and Oliver. 

5.2.2 The compatibility of e with products 

We now check that the natural transformation e is compatible with products and 
Bott homomorphisms. It actually suffices to prove that it is compatible with 
exterior products. 

We let a : N x N -=+ N be a bijection such that a(0,0) = 0. We also let 

{p y p(°o) 
denote the canonical injection. 
xi — > (a:, 0,0,...) 

The embedding f3 helps us see Fib F as a sub-Hilbert T-bundle of Fib F< ' . 
Since a(0,0) = 0, we have aF(ei,ei) = e\, and it follows that the good prod- 
uct structure m a on Fib F induces a good product structure m' a on Fib F . 
Moreover, for any pair of Lie groups (G, H), the square 

KFg A KF$ > KF 1 ^ A KF [ ™ ] 

(m' a )* J, m " 

KP [1] > KF [oo] 

n - r GxH f Jxr GxH 

is commutative in CG g \ h \Wq} <h \. 

If we assume that G and H are both discrete, then the square 
KF% ] A KF^ > KFq A KF h 



(rn a 



KF&h ► KF GxH 

is also commutative in CG^[Wq^ h ], and this follows from our definition of 
products and the one in Section 2 of [5]. 

We deduce from the previous two commutative squares that e* : KF G {—) — > 
K' Fq{—) is compatible with exterior products. In particular, it is compatible 
with Bott homomorphisms and it is therefore possible to extend e to positive 
degrees. We finally obtain a ring isomorphism 

e* x :KF G {X)^K'F G {X) 

for any discrete group G and any proper G-CW-complex X. 

We conclude that our equivariant K-theory coincides with the one of Luck 
and Oliver in the case of discrete groups. 
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Remark 15. The reason our construction is much more complicated than the 
one of Luck and Oliver is that the latter fails in the general case of a Lie group. 
For example, Vec^l 1 is not a classifying space for Vectgi(— ) on the category 

— — — -F 1 

of 5 1 -CW-complexes, because the fixed point set (Vec G for the 

subgroup {(—1, —1), (1, 1)} C S 1 x GLi(R) is empty. The additional complexity 
we introduced was there so that Proposition 12.81 would hold. 

A On some fiber bundles 

Our aim here is to give a complete proof of Theorem l2.6l which we now restate: 

Theorem A.l. Let X be a locally- countable CW-complex, tp : E — > X be an 

n- dimensional vector bundle over X , and G be a Lie group. Then: 

(i) Vecg — > VeCg, is a (G, GL n (F)) -principal bundle; 
(ii) EYecQ — > VeCg is an n-dimensional G-vector bundle; 
(Hi) The canonical map 

V^g ><GL n (F) F n — > E VecJS, 
is an isomorphism of G-vector bundles overVec^. 

There is a free right-action of GL n (_F) on tp -frame, and this induces a free 
action of GL n (F) on | Func(£ G, tp -frame) | . On the other hand, G acts on EG on 
the right (by left-multiplication of the inverse), and, by precomposition, this in- 
duces a left-action of G on | Func(£ G, tp -frame) |. The respective actions of G and 
GL n (F) on | Func(£ G, tp -frame) | are clearly compatible. It follows that, in order 
to prove that | Func(£G, tp -frame) | — > Func(£G, tp-mod)\ is a (G, GL„(F))- 
principal bundle, it suffices to produce local trivializations of it. 

The proof is split into four parts. In the first one, we construct "structural" 
maps that are linked to the topological categories of Section [3J and we prove that 
they are continuous. This will be used to prove that the local trivialization maps 
that will be constructed later are actually continuous. In Step 2, we construct an 
open covering of the space | Func(£ G, </?-mod)|, and use it in Step 3 to produce 
local sections, and then local trivializations. All the results from Theorem 12.61 
are finally deduced in Step 4. Before moving on to Step 1, we will need to recall 
some notations on simplicial spaces and prove a basic lemma on fibre bundles. 

A.l Basic notation 

For n e N, we let A™ := {(t , . . .,*„) £ : t H h t n = l} denote the 

standard n-simplex, and dA n its boundary. 

We let A denote the simplicial category. For N £ N and i £ [N + 1] , 6^ : 
[N] M> [N + 1] will denote the face morphism whose image does not contain i, 
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whilst, for N G N and i G [TV], crf r+1 : [N + 1] -» [N] the degeneracy morphism 
such that = erf 1 {i + 1)- li A = (A n ) n ^ is a simplicial space, N £ N and 

i € [N + 1], the face map associated to 8f is denoted by df : A^+i — >• An and, 
for N G N* and i G [iV — 1] , the degeneracy map associated to af is denoted by 
: Apr-i — > An. When A = (A n ) n& ^ is a simplicial space, B = (i? n ) ne m is a 
cosimplicial space, and / G Hom(A), we let /* (respectively /*) denote the map 
associated to / in A (resp. in £?). When A is a simplicial space, recall that its 
thin geometric realization is the quotient space 

\A\ :=(U(A,xA")V~ 

where ~ is defined by: (x,f*(yj) ~ (f*(x),y) for all / : [n] — > [m], all x £ A m 
and all y G A". 

A. 2 A fundamental lemma 

Lemma A. 2. Lei 1 k a locally- countable CW-complex, and (p : E — > X be a 
GL n (F) -principal bundle (with corresponding vector bundle tp). Then: 

(i) There is a continuous map 8 : Hom(c^-mod) = (E X E)/GL n {F) — > R + , 
called a separation map such that 

V(x,y)eExE,6([x,y])=0^x = y. (2) 

(ii) For every x G X, there is a continuous section s x : X — > E® n SU ch that 
s x (x) G E. 

Remark 16. Property @ means that 8 vanishes precisely on the set of identity 
morphisms of the category ip-mod. 

Proof. Notice first that given a relative CW-complex (Y, B), any continuous map 
a : B — > R + may be extended to a continuous map a : Y — > R + so that 
d _1 {0} = a _1 {0}: this is easily done by working cell by cell. We will use this 
remark to construct a continuous map a : X x X — > M + such that 

q- 1 {0} = A x :={(x,x) \ xeX}. 

Notice that X x X is a CW-complex for the cartesian product topology (since 
X is locally-countable). Let n G N and assume that a has been defined on the 
(n — l)-th skeleton of X x X. Let A^ denote the intersection of Ax with the 
n-th skeleton Sk„(A x X) of X x X. It is however easily shown that (Sk„(A x 

X), USk„_i(A x X)) is a relative CW-complex, using the somewhat obvious 
fact that (A™ x A", Aa» U<9(A™ x A™)) is a finite relative CW-complex for every 
n G N. 

We then extend a, first on A x l - ) USk„_i(A x X) by mapping any x G to 0, 
and then on Sk„(A x X) using the initial remark. Then Vie G Sk„(AxA), a(x) = 
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<^> x G Ax- This induction process then defines a on the whole X x X with 
the claimed property. 

We now choose a continuous map a : X x X — > K + such that a _1 {0} = 
Ax- We also choose a system (Z7j, tpi)i£i of local trivializations for the principal 
bundle (p (where tfi : E\u i -H* Ui x GL„(F), by convention) together with a 
partition of unity (ptiji^i for the covering {Ui)i^i of X. For any i G J, we will 
let 7T2 : t/j x GL n (i r ) — > GL n (i 7 ') denote the projection onto the second factor. 
Finally, we choose a norm N on the linear space M„(F) of square matrices. 



and notice that 5± is continuous and invariant by the right-action of GL„ (F) on 
itself. Notice also that 

V(x,y) G GL„(F) 2 , S 1 (x,y) > and ^(z, y) = x = y. 

For (x, y) <E E x E, we then set: 



From there, it is straightforward to prove that 5 : E x E — > K + is continuous, 
that 5- 1 {0} = A^ and that \f{M,x,y) G GL„(F) x E 2 , 5{x.M,y.M) = 5(x,y), 
which shows that 6 induces a continuous map (E x E)/GL n (F) — > R + which 
satisfies condition ©. This proves statement (i). 

We now choose a system of local trivializations (Ui,ipi)i e j for <p : E — ► X, 
together with a partition of unity (aj)j e j for covering (E/j)i e j of X. We choose 
an ?o £ J such that 0^(2) > 0. If 6i a : Ui — )■ is the map which assigns 
(y, ei), . . . , <^i (y, e n )) to y (where (ei, . . . , e„) denotes the canonical basis of 
F n ) 1 then s x := cti o .0i o has the required property for statement (ii). □ 

A.3 Proof of Theorem \2M 

We fix a system (Z7j, of local trivializations of <p : E — > X. 

A.3.1 Step 1: Structural maps 

To make things easier, we rename 

£ := Func(£ G, (f-xnod), T := Func(£ G, y> -frame) and Q := Func(£G, y-Bdl). 
For every m G N and g G G, there is a canonical map 



For (x,y) G (GL,^)) 2 , we set 



Si(x,y) :=N(xy 1 - /„) 



5(x,j/) := a{ip{x),(p(y))+Y^ai (<p(x))an {<p(y))mi l,S 1 ((TT 2 oip l )(x),(TT 2 oifi l )(y)) . 
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and we let Af(£) m x E denote the limit of the diagram JV(£) m X i^— E. 
g,o,x 

We then let 

3,0, X 

denote the map which assigns Fq — > ■ ■ ■ — > F' m to the compatible pair (F ^> 
. . . F m , B), where F' k {h) = [%_! o • • • o Vo ] oF ((g, h))[B] for k e {0, ... , to} 
and /iGG. 

One should think of an element F ^> ... T? ^ 1 > 1 F TO of 7V(£) as an array 
of fibers of <p, with an isomorphism between any pair of fibers in the array, 
such that the whole diagram is commutative. On the other hand, an element 
Fq ^ ... r '"^ 1 F m of Af{F) should simply be thought of as an array of basis 

of fibers of ip. Let F ^> ... n "^ 1 F m in W(£), a basis B of the fiber F Sj o, 
and say we wish to obtain an element of A/"(F). If we plug the basis B at the 
position (<?, 0) in the diagram associated to Fq ^ . . . r>7 ^ 1 F mj then we can use 
the isomorphisms of the diagram to recover a basis in every position (h, i) of the 
diagram. The remaining diagram of basis corresponds to an element of A/"(J-"), 
and this is precisely the image of the pair (F ^ . . . F m , B) by ip gtm , judging 
from the previous definition. 

Lemma A. 3. Let f : [N] — > [N'] be a morphism in A, let g e G, x = Fq ^ 
. . . riN ^r 1 F N , £ M{£)n' , and y e E such that tp(y) = a g .N'{x). Then 

f*(ip g ,N'(x,y)) = ip g ,N(f*{x), (j?/(o)-i(ff) ° • • • ° vo(g)){y)) 
with the convention that ?7/(o)-i ° ■ ■ ■ ° Vo = id.E Fo(s) whenever /(0) = 0. 

Proof. By definition, 4> g ,N{f*(x),y) is the only iV-simplex of Af(T) which is sent 
to f*(x) by — > M{£) and such that the basis in position (g, 0) is (7?/(o)-i(fl0 o 
• ' ' ° Vo(g))(y))- On the other hand, ip gt N'(x, y) is the only TV'-simplex of Af(T) 
which is sent to x by N{T) — > N{£) and such that the basis in position (g, 0) is 
y. Hence f*(tl>g,N'{x,y)) is the only TV-simplex of Af(J-) which is sent to /*(x) 
by A/"(F) — > M{£) and such that the basis in position (g, 0) is (?7/(o)-i(<7) o ■ ■ ■ o 

m(g))(v)- □ 

We have another map 

Xm : M{F) m N{T) m — ► GL„(F), 

which sends a (compatible) pair ((F —»■••—>■ F m ), (Fq —>••••—> F/„)) to the 
unique M G GL„(F) such that F fe (g) = F^(g).M for every fc e {0, . . . , m} and 
g e G. We also define 

v m :M(F) m xF»^M(g) mi 
which maps a pair (Fq —>•■••—> F m , x) to Fq ^ . . . F^, where: 
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(i) F' k {g) = 9(F k (g),x) for all (k,g) E {0, . . . , m} x G; 

(ii) F^g,g>) = (^( 5 ),i^(«/),F fe ( 5 ) ^ F k (g% for all (k,g,g>) E {0,...,™} x 
G 2 ; 

(iii) r] k (g) = (F' k (g),F' k+l {g),F k (g) ^ F k+1 (g)) for all (k,g) G {0, . . . , m — 1} x 
G. 

Finally, we define 

e m :AA(e) mA/ . ( X A^^F" 

as the map which sends every (compatible) pair ((F F„), (Fq —>•••■—>■ 

F^)) to the unique x E F" such that Fg(l G ) = #(Fo(1g), i-e. the unique 
x E F" such that v m ((F{, > F^), x) = F -> > F m . 

Proposition A. 4. For every m E N and g E G, the maps ip g , m , Xm> v m and e m 
are continuous. 

Proof. All products and spaces of maps will be formed in the category of k-spaces. 

• Continuity of % m . The map Xm may be decomposed as 

M(F) m ^ M(F) m (1 -° )x(1 - 0) ) E x E GL„(F), 

where the map (1q, 0) assigns F (1g) to F - > ••• F m . It follows that the first 
map is continuous, and the second map also is since its restrictions over the open 
sets Ui are continuous. 

• Continuity of v m . It obviously suffices to prove that v is continuous. How- 
ever, the canonical map E x F n — > E is continuous, hence the continuity of 

((ExE) GxG xF n — ► (Hom(<^-Bdl)) G><G 

\(/i,/2,x) i — > [(51,52) i-> {fi(gi,g2).x,f2(gi,g2)-x,[fi(gi,g2) h- .f 2 (5i 

Therefore, «o, being the restriction of this map to Af(J 7 ) x F™, is continuous. 

• Continuity of e m . The map e m may be seen as the composite: 

N(G) rn x N{T) m " c '°' xM : £x^F°, 

JV"(£) m x 

where the second map sends any compatible pair (x, B) to the unique y E F n 
such that 0(B, y) = x. The continuity of the first map is proven in the same way 
as the continuity of \m- The second map is continuous because its restrictions 
over the open subsets Ui of X clearly are. Therefore e m is continuous. 

• Continuity of ip g . m - Let Hom^-mod) x E denote the subspace of the product 

space Hom(^) -mod) x E consisting of the pairs (/, y) such that In v _ mo( j(/) = <f(y), 
and let (E x E) x E denote the subspace of E x E x E consisting of the triples 

(x, y, z) such that (p(x) — <p(z). 
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We start by proving that the following map is continuous: 

{Hom((/)-mod) x E — > E 
(/,B) X ^/(B). 

Notice first that the projection (E x E) x E — > Hom((/?-mod) x E is an open 
identification map. It then suffices to prove that the map 

UE x E) x E — > E 

\ (B.M, B', B), M G GL n (F) i — > B'.M -1 

is continuous, which is a straightforward task using local trivializations of (p. 
We may now prove that V> s ,o is continuous. We denote by (Hom(^ -mod)) G x 

G ,X 

E (resp. by (Hom(< f 5-mod)) GxG x E) the subset of (Hom(^ -mod)) G x E con- 

G, X 

sisting of the pairs (/, y) such that Vg' G G, In(/(t/)) = (p{y) (resp. Vg' G 
G, ln(f(g,g')) — <p(y))- We consider then the composite map 

(Hom(^-mod)) GxG ^l — > (Hom(^-mod)) G xjL — > E G — > E G xE G — > (Ex 



where the first map is obtained by precomposition with the injection 



G -> G x G 

and is thus continuous. The last map is continuous due to classic results on It- 
spaces, whilst the third one is simply the diagonal map. It remains to prove that 
the map 

(Hom(^-mod)) G x E — > E G 

G,X 

is continuous. However, it may be regarded upon as a composite 

(Hom(i / 5-mod)) G x E — > (Hom(^-mod)) G x E G — > (Hom((^-mod)xi?) G — > E 

G jX G,X X 

[e ->■ E G 

The first map is continuous, since it comes from < 7 the second 

[y ^[g^y], 

one is also continuous by the usual properties of k-spaces, and we have already 
proven that the third one is continuous. Hence ipg,o is continuous. 

Finally, in order to prove the continuity of ipg, m f° r an arbitrary m G N, it 
suffices to prove the continuity of the map obtained by composing ^g,™ with the 
inclusion of M{T) m into (£;){0,-,m}xG_ This is done is the 

same way as in the 

case m = 0. □ 
The maps y m , for m G N, induce a morphism of simplicial spaces M(J-) x 

M(£) 

N(F) — > GL n (F), hence a continuous map: 

X : |71 x |^| — > GL n (F). 
\£\ 



59 



In the same manner, the maps e m , for m g N, induce a morphism of simplicial 

spaces Af(G) x NiJ 7 ) — !> F n , hence a continuous map: 

N{£) 

e:\G\x — ► F n . 

Finally, the maps v m , for m G N, induce a morphism of simplicial spaces M(!F) x 
F n — ► N{G), hence a continuous map 

u:|7|xF n ^ \g\. 
A. 3. 2 Step 2: An open cover of | Func(£ G, <p -mod) | 

By Lemma [A. 21 we may choose 8 : Hom((/3-mod) — » R + satisfying © and, for 
every x\ £ X, a section which satishes the requirements of statement (ii). 

Let m£N and (go,gi, ■ ■ ■ ,g m -i) £ G m . Then, for every < zq < • • • < i m < 
N, we define the map 

a ( '°""'/ m) , : M(£) N xA^ E® n 

N,xi,{g ,...,g m -i) v /7V 

as the one which maps any pair ((Fq ^ . . . r "l^ 1 Fn), (to, . . . , i/v)) to 



n**/ [^w-i) fe-i) ° • • • ° ^-lfe-i)] 

3=1 



Ho 

We then set 



(%o-i(fo)°- • -°Vo(go)) 1 {sxA F i (9o)))- 



1 0<i <---<i m <A f 



Notice that O!jv,a;i,(go,~,9m.-i) is continuous and, for any x = Fq — > ■ ■ • — >• i*jv and 
any i g A N , one has a w - !Xl! ( 90i ... i9m _ 1 )(a;, i) g (E FoM ) n . 
Set now 

^(ffo.-.flm-i) := ( a ^i,(so,..., 9m -i)) _1 (^) 

and notice that this is an open subset of Af(£) N x A* since E is an open subset 
of E® n . Denote by 

Proposition A. 5. 



IN 

of E 1 ®". Denote by -km ■ J\f(£) N x A N — > \£\ the canonical projection 



ft) ^Ei,( 90 .-,ffm-i) := U ^(t^l 0n „ _,0 w on open su&se£ of \£\. 

N=0 AS 



GO 



(in) V(N,N') G N 2 ,V/ G Rom A ([N],[N']),V(x = F ^ ... '^T 1 F^/,t) G 
A/^, x A", 

ajv.xLfeo,..,^-!)!/*^)'*) = ( 7 7/(o)-i(5o)°---o?7o(.go)) (aiV',x 1> C ff o,..,Sm-i)( a: > /*(*))) 
with the convention that r?/(o)-i (50) ■■• OJ /o(<7o) — id_E F()(so) when f(0) = 0. 
fiwj (C/x 1 ,( 9 „,..., 9m _ 1 ))i 1 ex,meM,( 9 „,.., 9m _ 1 )eG"> a cower o/|£|. 
Proof. We first prove (ii). It suffices to prove the following facts: 

VW e N,V(x,t) eAf(£) N x A N+1 ,Vi e [N], 

v 1 v ' ai,(ff0i...,9m-i) ^ w; xi,(go,...,g m -i) v ' 

and 

VAr G N,V(a;,t) € A/"(£) Ar+1 x A^Vi G [JV + 1], 

Let < i < • • ■ < «m < JV + 1, let i G [N], x G 7V(f ) iV and t G A Ar+1 . If there 
exists an index j such that ij = i and ij+i = i + 1, then <5(?7i) = 5(id£ ) = 0, 

and so 

a&rH ,(sf +1 (a:),t) =0. 

If there exists an index j such that ij — i and ij+\ > i + 1, we set ij = i; when 
/ ^ j, and ^ — i + l. Also, for Z G [to], we set i" — af +l (i{). We may then check 
that 

a%°r:-' im } As" + Hx),t)+a%°r;-^) Js" +1 (x),t) = a$''~; C) of 

N+l,xi,(ga,...,g m -i) v 1 \ /> J ' JV+l,a;i,(3o,---,Sm-i) v » v ; ' 1 N,x 1: (g a ,... : g m ^ 1 )y ' l \ // 

If {i, i + 1} n {ij-,0 < j < to} = 0, we still set i'{ = erf +1 (ii) for any I G [to]. It 
follows that 

4°+ 1 ilo,... m - I )( s f +1 W'*) - 4t(£.., 9m _ l) (^-i v+1 w)- 

Summing the previous equalities yields 

a N+ i lXu ( go „.. l g m _ 1 )(s^ +1 (x) ) t) = a NtXu{g0t ... !gm _ 1 )(x > a^ +1 (t)) 
and Q follows right away. 

Let < t < ■•• < i m < N+l, i G [JV+ 1], x G N{£) N+1 and f G A w . We write 
a; = Fq ^ . . . Fjy . If there exists an index j such that ij = i, then 

a (io,-,i m ) („ %n j 



l iV+l,xi 



to,..., Sm - I )(^^(*))=0. 



Gl 



Otherwise, we set i'j = uf +1 for all j G [to]. 
When i > 0, 

Also 

Summing these equalities when yields 

fi > ajv,x ll ( ff o,...,flm- I )( d f = «JV-+i, ai ,( S o,...,g m -i)( a; ^f (*)) 
\ajv, a! i,( ff o,.-9m- I )( d o r ( x )>*) = »7o0o) (ajv+i, a!l ,{ a o,...,ffm-i)( a; > 5 o r (*)))■ 

and Q follows right away. This proves both statements (ii) and (iii), and (i) then 
follows from (ii) and the fact that U^, g \ is an open subset of A/"(£)jv x 
A N . 

Let y G \£\. Then there exists an integer to G N, a non-degenerate m-simplex 
x G Af(£) m and a point a £ A™ \ dA m such that y = n m (x, a). Since a; = F ( 
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-F m is non-degenerate, there exists, for all i S [to — 1], an element G G 
such that S(i]i(gi)) ^ 0. We simply remark that (x, a) G ^7f (9o),(9o,— ,9m-i)> 
which proves statement (iv). □ 

The open subsets ^a:i,(go,...,flm-i) are defined in such a way that, for every 
N G N, and every (a;,t) G M{£)n X A w such that [as, t] G f7xi,(ffo,->flm-i) : if 
we write x = Fo — >■ • • • — » i*jv, then the map Q!jv J x 1 ,(g D ,..., ffm _ 1 )(2 ; )i) provides a 
continuous way (with respect to (x, f)) to choose a basis in the fiber of i*b (<7o)- 
In the next step, this is used, in conjunction with the maps f/'g.m, to construct 
local sections of the bundle |.F| — > \£\. 

A. 3. 3 Step 3: Local trivializations 

We let 7r : {J 7 ] — > \£\ denote the map induced by the functor Func(£G, <p -frame) — i 
Func(£G, tp -mod) discussed earlier. We will now write 

j-AN) £, 

OiN,xx,{go,...,g m -x) • U x 1 ,(g ,...,g m -i) * ^ 

when we actually mean the restriction of OiN,x\,(g Q ,...,g m -i) to U^, 



We then consider, for every N G N, the composite map 

M(£) N x e 



^2:1,(90, ...,g m -i) ' »i,(jo,-,Si»-i) 



90,0, X 



where the first map assigns (x, &N,xi,lg ,—,9m-i)( x i ^) ^° ( x > Proposition [XT] 



shows /3 , » is continuous. 

fxi,(90,...,9m-lj 



G2 



Proposition A. 6. Let X\ G X, m 6 N, and (go, . . . ,g m -i) £ G m . 
(i) The maps A^j SQ g ^, for N £ N 7 induce a continuous map 

Pxi,(go,...,g m -i) ■ ^ii(so.-!9m-i) ^ r r 

(M,) 27ie map Aci,(ffo>—)flm-i) * s a ' oca ^ section ofir. 
(Hi) The map 



( Pxi,(g ,...,g m -i) 



U Xl ,(ga,...,g m -i) x GL n (F) ► 7T 1 ([/^ i(fl , ,..., 9m _ 1 ) ) 



is a homeomorphism over U Xl i g0t .„ t g m _ l \. 

Proof. (i) Let (N, N') e N 2 , f 6 Hom A ([iV], [N']), and (x,t) <E 7V(£)iv< x 
A w such that (x,f*(t)) e U {N ') v If /3 (JV ' } ,(x,f*(t)) = 

(y,s) and ^( flQ) ..., ffm _ I )(/*(a:))*) = (2/'> s ') 5 we have to P rove that s = 
f*(s') and y' = /*(y). The first identity is obvious from the definition of 
5 , \ . The second one may be restated as: 

f* (V'ao,iV'( a: ) Q1 JV' ) x 1) (ao,...,fl m _i)(a:, /*(*)))) = ^goMf*( x )^ a N,xu(g ,...,g m - 1 )(M x ), t )) 

(5) 

However ajy >a;i ,( ff0> . .. , ffm _ x ) (f*(x),t) = (r) f ^_i(g )o- • -0770(50)) (a/v', a;i ,(>o,...,«7m-i)( a; > /*(*))) • 
hence ([5]) follows from Lemma lA.3l This proves (i) since the maps /3^l go g , 
are continuous. 

(ii) is an obvious consequence of the definition of /3 X1i ( SOi ... )9to _ 1 ), 

(iii) The map <p Xl ,(g ,...,g m - 1 ) is clearly continuous, and clearly bijective since 
Pxx,(g ,...,g m -i) i s a local section of tt. It remains to prove the continuity 
of its inverse map: the composite of it with the projection on the first 
factor is the continuous map 7T, \ The composite with the 

projection on the second factor is the map 
IV 1 ^,^,...,^)) > GL„(F) 

la; 1 — y M such that x — /3 Xl ^ g(u gml )(x).M 
Setting V :— U Xl t got _ igm _ 1 \, it may be seen as the composite map 

n~\V) (idAl ' (g " 9m - l)0 1 n-\V) x n-\V) GL n (F), 
and is thus continuous. Therefore fxi,(go,—,gm-i) * s a homeomorphism. 

□ 

We conclude that Vec^ — > VecJS. is a (G, GL„(F))-principal bundle. 
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A. 3. 4 Step 4: EVec^ — > VeCg as a G- vector bundle 

The fibers of tt' : E VecJS. — > Vec<S. have naturai structures of vector spaces which 
are inherited from those of the fibers of E — > X. The group G acts on the left 
on EWecQ and the projection EVec^ — > Vec^ is a G-map. Also, the action of 
G on EVecQ restricts to linear isomorphisms on the fibers. 

Take arbitrary x\ £ X, m £ N and (g , ■ ■ ■ , g m -i) £ G m , and set V := 
U X1 . 

(9Di».,9m-i)' We ma y then consider the composite map 

^Uo,..,^) x F» ^ — > xid - ^(vj x ^ 

Proposition A. 7. TTie map g ^ k b homeomorphism over V . 

Proof. The continuity, the bijectivity, and the fiberwise linearity of <p' Xi , go s 
are clear. It remains to prove that the projection of the inverse map on the sec- 
ond factor is continuous. However this projection is no other than the (obviously 
continuous) composite map 

{7rT l (v) ( id ^i-(.o--. m -i)) > (7r /)-l (F) x n -l {V) 

□ 

Obviously, the transitions between the trivialization maps constructed for it 
are identical to the transitions between the trivialization maps constructed for tt' . 
Therefore, EVecQ —> Vec<£, is an n-dimensional vector bundle, hence a G- vector 
bundle. 

It remains to check that Vec G ><GL n (F) F n — > EVec^ is an isomorphism 
of vector bundles over Vec^ (since we already know that it is continuous and 
equivariant). This comes from the surjectivity of the map Vec^ x F n — ► EVec^ 
and from the fact that the two vector bundles involved share the same dimension. 
This completes the proof of Theorem 12.61 

Remark 17. We have claimed in Section[2?5]that theorems similar to Theorem l2.6l 
hold for G-Hilbert bundles and G-simi-Hilbert bundles. Their proofs are almost 
identical, the only noticeable difference being in the construction of the maps 
^ii (go g i) : nere > & ftcr using the maps %.i 1 .( 9o ...., 9m _ 1 ), we need to use the 
orthonormalization process (resp. the simi-orthonormalization process) to obtain 
orthonormal bases (resp. simi-orthonormal bases) of the fibers of ip. This works 
because the process is continuous and compatible with the action of U n (F) (resp. 
of GU„(F)). 



B On the homotopy type of (VecQ°°) H 

Here, we fix a Lie group G, a compact subgroup H of G, and define Rep^(-ff) as 
the monoid of isomorphism classes of finite-dimensional linear representations of 
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H (with ground field F) . Our aim is to prove Theorem 14.61 which we restate for 
convenience: 

Theorem B.l. Let G denote a Lie group, and H be a compact subgroup of G. 
Then each one of the spaces (VecQ°°) H , (iVeCg°°) ff and (sVecQ°°) H has the 
homotopy type of a CW- complex. 

We will only give the details in the case of Vec G '°°. The strategy is as follows: 
recall from Proposition 13.21 that Vec^' 00 and VbCq have the same equivariant 
homotopy type. In Section lB.1.11 we will consider the restriction functor 

res H ■ Func{EG,j{F)-mod) H — > Func(Bif, 7(F) -mod), 

and, in Section [B.1.31 we construct a section of it 

extjj : Func(£F, 7(F) -mod) — > Func(£G, 7(F) -mod) H 

with a continuous equivalence of functors between ext^r o resjy and idF U nc(£G,7(.F ) -mod) 11 ■ 
We will deduce that | res# | : (VecQ°°) H — > | Func(£>F, 7(F) -mod) is a homo- 
topy equivalence. In Section lB.2.21 we will prove that A/"(Func(i3iJ, 7(F) -mod)) m 
has the homotopy type of a CW-complex for every m € N, and it will follow that 
its thick realization || Yxnic(BH, 7(F) -mod) || also does (cf. Appendix A of [14)). 
We will also show that Func(BH, 7(F) -mod) is a good simplicial space in the 
sense of Segal (cf. again [H]), deduce that || Func(£>F, 7(F) -mod) || is homotopy 

equivalent to | Func(£>F, 7(F) -mod)|, and conclude that rVeCg 00 ^ has the ho- 
motopy type of a CW-complex. 

B.l A homotopy equivalence from (VecQ°°) H to F\mc(BH, 7(F) -mod) 

Proposition 13.21 shows that the map Vec^ ^ — > VeCg' m is an equivariant ho- 
motopy equivalence for any m G N* U {00}. It will thus suffice to show that 
(YecQ F ^) H has the homotopy type of a CW-complex. 

B.l.l The functor res# : Func(£G, 7(F) -mod) H F\mc(BH, 7(F) -mod) 

Let / : EG — > 7(F) -mod be a continuous functor which is invariant for the action 
of H on EG by right-multiplication. Then, for all h e H, f(h) = f(l G ), and 
V(h,h') S H 2 , f(l G ,hh<) = f(h',hh')of(l G ,h') = f(l G ,h) o f(l G ,h'). The 
functor / thus induces a covariant functor 

!BH — > 7(F) -mod 
— >/(1g) 
h ^f(l G ,h). 

Given a natural transformation a : f —¥ f between two functors that are 
invariant by the action of H, we may consider the restriction a\u '■ f\H ~^ fig 
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defined by a\u(*) '■ /(1g) f'(la). This yields a continuous functor 

res H ■ Func(£G, 7(F) -mod)^ — > Func(£F, 7 (F) -mod). 
Taking geometric realizations, yields a continuous map 

|res H | : (Vec^)^ | Func(Bff, 7(F) -mod) |. 
We will prove that it is a homotopy equivalence. 
B.1.2 A decomposition of Func(BF, 7(F) -mod) 

From now on, we set J = Rep F (F). To every object / of Func(BF, 7(F) -mod) is 

[H -> fU) 

assigned the linear representation < ' For any j G J, we let Func, (BH, 7(F) -mod) 

[ft i-> /(ft). 

denote the full subcategory of Func(BF, 7(F) -mod) whose objects are the func- 
tors whose corresponding linear representation of H has j as its isomorphism 
class. 

Proposition B.2. We have the following decomposition of topological categories: 

Func(BF, 7 (F) -mod) = ]J Func^BF", 7(F) -mod). 
jeJ 

Proof. If we consider a morphism / —> f in Func (BF, 7(F) -mod), then a in- 
duces an isomorphism between the representations respectively associated to / 
and /'. Therefore Func(BF, 7(F) -mod) and ]J Funcj (BH, 7(F) -mod) are iso- 

morphic as categories. We now need to prove that, for all j £ J, the category 
FunCj(£>F, 7(F) -mod) is open in Func(BF, 7(F) -mod), and it suffices to show 
it for the spaces of objects. 
We start by pointing out that 

Func(BF, 7(F) -mod) = Func ( BH, (7n(F) -mod) J = ]J Func (BH, 7 „(F) -mod). 

V nGN / n£N 



Let / : BH — > j n (F) -mod be a continuous functor and define 

Xf 



H — > F 
h —> Tr(/(ft)) 



as the character associated to /. 

We then check that the following map is continuous: 



x (n) 



f Ob(Func(BF, 7 „(F)-mod)) — > L 2 (H) 
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By construction, 7„(F)-mod = lim(7™(F) -mod). It thus suffices to show that 

men 

the restriction of x to Ob(Func(£>iF 7™(F) -mod)) is continuous for any m G 
N. Let / be an object of Func(BH, 7™(F) -mod) and let [// denote the set of 
objects /' of Punc(BJJ,7™(F)-mod) for which /'(*) n fi*) 1 - = {0}. We choose 

an isomorphism : /(*) ^ F n and notice that ?//(*) is an open neighborhood of 
/ in Ob(Func(B#, 7 ™(F) -mod)). 

We then remark that the restriction of to £//(*) is the composite of the map 
C/ /w — >Hom( J H',GL n (F)) 



and of the continuous map Hom(i7, GL n (F)) — > L 2 (H) induced by composing 
with the trace map Tr : M n (F) ~ > F, both of which are easily shown to be 
continuous. This shows that x is continuous. 

By the theory of linear representations of compact groups (cf. [T]), two objects 
of Fnnc(BH, j n (F) -mod) have the same image by x'™' if and only if their associ- 
ated representations are isomorphic. Also, the image of x^ n ' is a discrete subset of 
L 2 (H). This proves that Func(£F, 7 „(F) -mod) = TJ Func^ (£F, 7 „(F) -mod). 

□ 

B.1.3 The construction of ext H : Func(SF, 7(F) -mod) -> Func(£G, 7(F) -mod) H 

Given a continuous functor / : BH — > 7(f) -mod, we wish to find an H- 
invariant continuous functor / : EG — > 7(F) -mod whose restriction is / (by 
the preceding construction), and to do this in a continuous way with respect 
to /. Here is the strategy: we let V : H —> GL n (F) denote a homomorphism 
which is isomorphic to the linear representation of H associated to /, and we 
consider only functors /' : BH 7(F) -mod whose associated linear repre- 
sentation of H is isomorphic to V. In Step 1, every such /' is considered as 

{JJ y B n (F^°°^) 
,, , r ,, , , for some basis B' of f'M. 
h 1— > f'{h)[B'] = B'.V(h) v ' 

(HxBJF^) — >BJF(°°h 
Then we extend the map < to a continuous map 

P \(h,B) ^B.V(h) 

G x B n (F^°°^) — > B n (F^°°^) which is equivariant for a certain group action. We 
use this last map to assign an F-invariant continuous functor EG — > 7(F) -mod 
to every /'. In Step 2, we prove that this construction is continuous with respect 
to /', by proving that the choice of B' may locally be made continuous with 
respect to /. This construction is extended to morphisms in Step 3, where the 
claimed properties are checked. 

Step 1: Constructing cxt^ : Ob(FunCj (BH, 7(F) -mod) -> Ob(Func(£G, 7(F) -mod)) 
Let j € J and V : H — > GL n (F) be a linear representation of H with isomor- 
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phism class j. We let GLy(F) denote the centralizer of Im V in GL n (F): this is 
a closed subgroup of GL n (F). We set X 3 := Ob(FunCj(Sif, 7(F) -mod)) we let 
Horn, (if, GL„(F)) denote the space consisting of the linear representations of H 
that are isomorphic to V. Finally, recall the decomposition Hom(H, GL n (F)) = 
U Hom io (#,GL„(F)). 
joe J 

For the canonical right-action of H on G, the pair (G, H) is a relative H- 
CW-complex. The action of GL„(F) on B n (F^ 00 " > ) induces a right-action of 
GLy(F) on B„(F(°°)). Moreover, for every k G N*, B n (F k ) has a structure of 
smooth manifold such that B n (F k ~ 1 ) is a closed smooth submanifold; the ac- 
tion of GLy(F) on B n (F k ) is free (and therefore proper), smooth, and stabilizes 
B n (F k ~ 1 ). We deduce from Theorems I and II of that (B n (F k ), B n (F k ~ 1 )) 
is a relative GLy (F)-CW-complex. Therefore, for every k G N*, the pair 
(G x 5„(F fe ), (iJ x B n (F k )) U (G x B n (F fe_1 ))) is a relative (# x GLy(F))- 
CW-complex. 

The action of H x GLy(F) on G x B n {F^) is free. Finally, we may consider 
the right-action of H on B n (F^) defined by B.h = B.V(h) for every h E H 
and every B G B ra (F^ 00 - ) ). This action is compatible with the right-action of 
GLy(F). This yields a right-action of H x GLy(F) on B n (F(°°)). 

Lemma B.3. The map (1g,x) i-> x on X B n (F^°°') may 6e extended to an 
(H x GL v {F))-map: 

lv :Gx B n (F^) — > B n (F^). 

Proof. We use an induction process. Assume that, for some fc G N \ {0,1}, 
we have an equivariant map 7y~ 1 : G x B n (F k ~ l ) — > B n (F^) such that 
Vx G B n (F k ~ 1 ), 7 y ~ 1 (l G ,a;) = x. The action of H on B n (F^), together with 
the inclusion of B n (F k ) into B n (F^), define an (if x GLy(F))-map: 

k (Hx B n (F k ) > B n (F(°°')) 
Pv '\(h,B) ^B.V{h). 

This yields an (H x GLy(F))-map: 

(H x B n {F k )) U (G x B n {F k - x )) ^ u ^~\ B n (F<°°>), 

which we want to extend to G x B n (F k ). However, H x GLy(F) acts freely 
on G x B n {F k ), and the projection B n {F^°°^) — > * is a homotopy equivalence. 
We deduce that the map (3 V U 7y _1 extends to an (H x GLy(F))-map 7 V : 
G x B n (F k ) — > B n (F^°°^) which has the required property. Therefore, the 7 y 's 
yield an (H x GLy(F))-map 7 y : G x B n (F^) -> B n {F^). □ 

Let / G Xj and B/ a basis such that ipv(Bf) = f. We set 
ext£(/)(l G ,<?) :B f ^ lv (g,B f ). 
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This definition does not depend on the choice of By. Indeed, if By is another 
possible basis, there exists an M G GLy(F) such that By = By.Af, and so 
7v(<7,By) = jy(g,Bf).M (since 7y is an (H x GLy (F))-map). Therefore, the 
same linear isomorphism maps By to Jv(g, By), and B'y to Jv(g, By). The map 
ext]£(/) can then easily be extended to a continuous functor EG — > 7(F) -mod. 

For any h G H, j v (h,B f ) = B f .h = B f .V(h) = f(h)[B], andsoext£(/)(l G ,/i) 
/(/i). This proves that res jy(ext ]£(/)) = /. 

For any h £ H and g G G, r yy(gh,Bf) = jy(g,Bf).h, and 

ext£(/)(l G , <?) o ext£(/)(l G , h) : By .— > B/.ft .— > Jv (g, B f ).h = 7v (gh, B f ). 

Therefore ext^(/)(l G , gh) = ext#(/)(l G , g) ex t#(/)(l G , h). This proves that 
extK(/) : EG — > 7(F) -mod is invariant by the right-action of H. 

Step 2: Continuity of ext^ : Xj -> Ob(Func(£G, 7(F) -mod)) 
The action of GL n (F) on Hom(F, GL n (F)) by conjugation is continuous; the 
orbit of V is Horn,, (H, GL n (F)) and its isotropy subgroup GLy(F). This yields 
a continuous bijection 



oty : 



GL„(F)/GW(F) — >Hom i (fT,GL n (F)) 

[if] I > If O V O <y5 _1 . 



By Theorem 2.3.2 of [10], ay is a homeomorphism since Honii(F, GL„(F)) is 
locally compact (cf. [3]) and GL„(F) is a cr-compact Lie group. 

Recall that S„(F(°°)) denotes the limit of the sequence F„(F J ) F„(F J+1 ) -> 
and that the canonical projection 7„ : B n (F^°°^) — >■ G n (F^°°' > ) defines a 
GL n (F)-principal bundle. Let B G B B (fH), To B may be assigned a continu- 
ous map: 

-4 GL(Vect F (B)) 
ft i — >[B4 B.y(ft)] 



Vv(B) 



which is simply the conjugate of V by the unique isomorphism from F" to 
VectF(B) which maps the canonical basis of F" to B. In particular, ipy(B) is a 
linear representation of H and is isomorphic to V. Also, for every B' G B n (F^°°^), 
we have (fy(ip(B)) — ip o <y9y(B) o where ^:B4 B'. 

Lemma B.4. XTie map : i " V J * s a GLy(F) -principal 



bundle. 




V>v(B) 



Proof. Notice first that cpy is continuous since it is the composite of 

fs n (F(°°)) — > Hom( 7 (F) -frame) H , , , N „ N „ . . . 

<^ { ' yn ' ' with Horn 7 F -frame ff ^ Hom(7(F) -mo 

[B .— ► [h^ (B,B.V(h))} Uy ' ' Uy ' 

induced by composition of the canonical functor 7(F) -frame — > 7(F) -mod. 

Given / G Xj, there is a linear isomorphism ip : F" n> /(*) such that the 
representation associated to / is the conjugate of V by -0. If we let B denote 
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the image of the canonical basis of F n by ip, then / = pv(B). This shows py is 
onto. 

Let B £ B„(F(°°)) and M £ GLy(F). Then M commutes with V{h) for 
every h £ H and it follows that <^y(B.M) = <py{R). If B and B' have the same 
image by tp, then the unique M £ GL n (F) such that B.M = B' commutes with 
V(/i) for every h £ H, and therefore belongs to GLy(F). We deduce that the 
fiber of ipy over any / £ Xj is isomorphic to GLy(F). We now simply need to 
find local trivializations of py, and in order to do so, it suffices to construct local 
sections since B n (F (o °^) -> G n (F (o °^) is a GL„(F)-principal bundle. 

Let / £ Xj and B £ B n (F^) be a basis such that p>v{B) = /. Set X/ := 

" •? then defines 

A/ i — > (^y(B.AZ) 

a GLv(i 7 ')-principal bundle. Indeed, if py(H) = /, the linear isomorphism from 

F n to /(*) which maps the canonical basis of F n to B induces an isomorphism 

from Xj to Homj(iJ, GL„(F)), and we may then use the fact that ay is a 

homeomorphism and that GL n (F) — > GL„(F)/GLy (F) is a GLy (i^-principal 

bundle since GLy(F) is a Lie subgroup of GL„(F) (cf. Theorem 4.3 of [I]). 

Let § : Uf —> GL n (F) denote a local section of the preceding GLy(F)- 

principal bundle, where Uf is an open neighborhood of / £ X( , such that 

5(f) = B. Also, let /3 :Vf -> B n (F^) be a local section of the GL n (F)-principal 

bundle i n : B n (F^) -> G n (F^), where V> is an open neighborhood of /(*) 

in G n (F ( -°° s> ), such that /3(f) = B. For any g £ Xj such that g(*) £ fn _1 (F/), 

we define ip g : /(*) — > g(*) as the linear isomorphism which maps B to /3 ({?(*)). 

Then g ip g is continuous. Set then Vj := {.g £ : ipg 1 o g otp g £ Uf}. 

Obviously, Vf is an open neighborhood of / in Xy, and we have a continuous 

map: 

IV; — >b„(f(°°)) 

\ff 1 — > V's [B.^V^ 1 °5 ° </>s)] • 
This is a local section of (pv- Indeed, let g £ Vf and g\ = i/j^ 1 o g oip g ; then 

ipv[i> g (B.6(gi))] = ip g o ip v [B.S(gi)] = i> g 9i % 1 = 5- 

We conclude that pv is a GLy(F)-principal bundle. □ 

In order to prove that the map ext]^ : Xj — > Func(£G, J-) H is continuous, it 
suffices to prove that the continuity of the map: 

J G x X 3 — > Hom( 7 (F) -mod) 
\(gj) ^ext^(/)(l G)ff ). 

Let f £ Xj. We choose an open neighborhood U of / in Xi together with a local 
section s : U — > B n (F (oc ^) of py Composing of the maps G x U ' dc xs > G x 
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B n (F(°°>), G x B„(F(°°)) (?r2 ' 7v) ) B„(F(°°)) x B n (F^) (where tt 2 denotes the 
projection on the second factor), and 

Jb„(F(°°)) x B n (F^) — ► Hom( 7 (F) -mod) 
\(B,B') _>[B->B'] 

yields 

|g x J7 — ► Hom( 7 (F) -mod) 



Since all three maps are continuous, their composite is continuous, hence so is 

v 

H- 



ext v 



Step 3: The functor ext# 

For every j e J, we choose a representative V, and, since Func($F, 7(F) -mod) = 
]J FunCj(BH, 7(F) -mod), we finally obtain a continuous map 

ext ff : Ob(Func(Sfl', 7(F) -mod)) — ► Ob(Func(£G, 7(F) -mod) H ) 

such that resjf(extjy(/)) = / for all / G Ob(Func(£>#, 7(F) -mod)). We wish to 
extend this map to a functor Func(£>F, 7(F) -mod) — > Func(£ G, 7(F) -mod) H . 
This is based on the following lemma. 

Lemma B.5. Let (/,/') £ Ob(Func(£ G, 7(F) -mod) H ) 2 together with a mor- 
phism a : rcs#(/) — > res/r(/'). T/ien i/iere is a unique morphism a : f —> f in 
Func(fG,7(F) -mod) H smc/i i/iai a = rcs#(a). 

Proof. For all j £ G, we define 5(5) : /(g) — > /'(#) as the unique linear isomor- 
phism which makes the square 



/(s,1g) 



/'(s,i g ) 



/(1 G ) — -> f(l G ) 

commute. By definition, a is the unique morphism from / to /' in Func(£ G, 7(F) -mod). 
We only need to prove that it is invariant under the action of H. 
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Let then (g, h) € G X H, and consider the commutative diagram: 



f(gh)- 



f(gh,g) 




Hgh) 



f(h> 



-f'(gh) 



&{h) 




-f(h) 



/(<?)- 



/(Mg) 




f'(gh,g) 



a(g) 



-fig) /'(Mo) 




-/'(1g) 



Since a is a morphism from res#(/) to resjy(/'), we deduce that <S(/i) = <5(1g) = 
a(*). Since / and /' are invariant under the action of H, we have f(gh,h) = 
1 G ), and f(gh, h) = f'(g, 1 G ). We deduce that a(gh) = a(g). □ 

Given a morphism a :/—>•/' in Func(£>i/, 7(-F) -mod), we now define extfl-(a) 
as the morphism in Func(£G, -f(F) -mod) H which is associated to ext# (/), ext //(/') 
and a as in Lemma IB. 51 That ext# defines a functor is then obvious from the 
uniqueness in Lemma [B.5l That ext# is continuous on morphisms is also obvious, 
and we obtain a continuous functor 



ext H : Func(Bff, 7(F) -mod) — > Func(£G, 7(F) -mod) H . 

Obviously 

reSffoextH = id Fun c(BH n (F ) -mod) ■ 

It remains to prove that | ext# | o | res# | is homotopic to the identity map of 
|Func(£G,7(F)-mod) H |. Let / be an object of Func(£G, 7(F) -mod) H . Then 
r es_fr(/) = res// ((extff o res/f)(/)), and we can thus consider the morphism / — > 
extff(res^f (/)) of Func(£ G, j(F) -mod) H which is associated to /, ext //(res// (/)) 
and id /(i G ) by Lemma lB.51 This defines a continuous natural transformation 

V '■ idFunc(£G, 7 (F)-mod) H ► (extff O ieS H ) (/) • 

Therefore | ext# | is a homotopy inverse of | resjj | . 



Conclusion: The space (Vec^ °°) H has the homotopy type of | Func(£>ff, j(F) -mod) 

Remarks 18. (i) The previous constructions can also be achieved in the cases 
of i Vec G '°° and sVec G '°°. The only difference is that we need to consider 
Hilbert representations of H . Proposition IB. 21 obviously implies a similar 
result in these cases, since the topological categories Ymvc(BH, j(F) -imod) 
and Func(£>_ff, 7(F) -smod) may be seen as embedded in Func(23if, 7(F) -mod) 
(and since two Hilbert representations of H are isomorphic as linear repre- 
sentations of H if and only if they are isomorphic as Hilbert representations 
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of H). The construction of ext# is then achieved by replacing GL n (F) 
by U n {F) (resp. by GU n (F)), and free n-tuples by orthonormal n-tuples 
(resp. simi-orthonormal n-tuples). We deduce that (iVecQ°°) H is homo- 
topy equivalent to \Fxmc(BH,j(F) -imod)|, and that (sVec G '°°) ff is homo- 
topy equivalent to \Fxmc(BH, 7(F) -smod)|. Interestingly, we may prove di- 
rectly from there that (i VecQ°°) H is homotopy equivalent to (sVecQ°°) H . 
Indeed, any continuous functor from BH to 7(F) -smod induces a functor 
from BH to 7(F) -imod, since H is compact. We thus define a functor 

( F\mc(BH, 7(F) -smod) — > Func(BH, 7(F) -imod) 
/ — >/ 



1 



and it is easy to check that it induces a homotopy inverse of the inclusion 
|Func(Rff, 7 (F)-imod)| c \F\mc(BH, 7(F) -smod) |. 

(ii) When G is discrete, the previous construction may adapted to any of the 
spaces Vec G ' m , for m £ N*. By Lemma fB.5[ it suffices to construct a section 
of the restriction map on objects. For every class z in G/H, we choose an 
element g z £ G such that [g z ] — z. Let then / : BH — > 7' m ^(F)-mod. 
We define a functor / : SG -> 7 ( m )(F)-mod by f(l G ,g z .h) := f(h) for all 
z £ G/H and h £ H. We can easily check that this defines an H- invariant 
functor, that the map / 1— y f is continuous, and that res#(/) = /. This 
proves that (Vec G ' m ) H is homotopy equivalent to | Func(£>iT, (F) -mod) | 
for all m £ N, whenever G is discrete. The same line of reasoning also 
applies to iVec G TO and sVec G ' m . 

B.2 On the homotopy type of | Func(BH, 7(F) -mod) | 
In this section, we will prove the following result. 

Proposition B.6. Let j £ Kep F (H) be an n- dimensional class. Then \ FvaiCj(BH, 7(F) -mod)| 
has the homotopy type of a CW-complex. 

For any k £ N, we set C.,^ := Funcj (BH, 7^ (F) -mod) andC, := FunCj (BH, 7 „(F) -mod). 
Clearly, Cj = \im(Cj^)- 

We will show that the nerve (Af(Cj) m ) me ^ of Cj is a good simplicial space (cf. 
Appendix A of [2]) and that each of its components N(Cj) m has the homotopy 
type of a CW-complex. To do so, we will equip the space N(Cj^)m with a 
structure of smooth manifold, for every pair (k,m) £ W x N, and prove that 
these structures are compatible with standard inclusions. 

B.2.1 A structure of smooth manifold on A/"(7„(F) -mod) m 

We start with a short reminder of the canonical manifold structure on G n (F ). 
For every x £ G n (F k ), let U x denote the subspace of G n (F k ) consisting of those 
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elements y such that yDx 1 - = {0} and notice that U x is an open neighborhood of 
x in G n (F k ). For any pair (y, z) of subspaces of F k , let 7rf denote the restriction 
to y of the orthogonal projection on z. In the case y — F k , we set ir z := 7rf . 

The chart transitions are 

y i — >n x ±o (tt")- 1 . 

smooth. 

For every x G G n (F ), we choose an isomorphism a x : F™ x and set 



U x xGL n (F) — > j k (F)~ 1 (U x ) 
(y,B) ^ % K(B)). 



Clearly, ip x is a homeomorphism over ?7 X , whilst (U x , ipx) X £G„(F k ) is a system of 
local trivializations of j k (F), and the trivialization transitions are smooth. We 
have just defined a structure of smooth GL„(F)-principal bundle on 7*(F). 

For (xo,...,x m ) G G n (F fc ) m+1 , let t/io?...,x„, denote the set consisting of 
those m-simplices yo — > ■ ■ ■ — > y m in Af(j k -mod) m such that yi G U Xi for all 

i G {0,...,™}. The family (U x k 2..., Xm )( Xat .... Xm ) ( zc n (F k )™+ 1 is an open cover of 
AA(7^(F) -mod)fe. We then obtain charts 



(fc) 



r;(fc) 



i[L(xj,x±) 

3=0 



x (GL„(F)) m 

(j/0 ^ ' ' ' Vm) ' > \ {lpx 3 {yj))o<j<m, ° 7r ^- +1 O C*j o (Tr*)^ 1 ° a^)o<j<m-i) 



and, again, the chart transitions are smooth. We therefore end up with a struc- 
ture of smooth manifold on M{^ k {F) -mod) m . 

B.2.2 A structure of smooth manifold on 7V(Cj,fc)m 

For m G N, a C {0, ...,m — 1}, and a simplicial space X, we set X ma := 

n s ™(x m -i). 

Let V : -ff — > GL„(F) be a linear representation with isomorphism class j. 

'GL„(F)/GL V (F) — >• Hom,-(iT,GL n (F)) 
[M] i— > M.V.M" 1 . 

There is a unique structure of smooth manifold on Horn., (77, GL„(F)) such that 
ay is a diffcomorphism. We can check that this structure does not depend on the 
choice of V. To see this, we remind the reader of the following classical lemma. 



We recall the homeomorphism ay : 



Lemma B.7. Let G be a Lie group, H a closed subgroup of G, and g G G. Then 
the unique G-ma 
diffeomorphism. 



\G I FL y G I gHg~^~ 

the unique G-map fie H g '■ \ which assigns [g] to [Iq] is a 

[1 G \ ^[g] 
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Let V be another representative of j. If M € GL„(F) is such that V' = 
M.V.M^ 1 , then ay> = ay ° /3gl„(f),glv(f),m ; and so ay> is a diffeomorphism 
if and only if ay is a diffeomorphism. 

The group GL„(F) acts on the left on Homj(iJ, GL n (F)) (by the conjugation 
action) . This action is smooth, because it is induced by ay and the smooth map 

|GL„(F) x (GL„(F)/GL V (F)) — ► GL n (F)/GL v (F) 
\(M,[M']) i — >[M.M']. 
Consider the projection 



(M(Ci,k)m — »-jy/"(7*(F)-mod) m 

: \ (/o 2» • • • ^ f m ) (/„(*) ■ • ■ a => 1 /™(*)) • 



The fiber of TTj } k,Tn over any point of7V(7„ -mod) is clearly isomorphic to Hour, (if, GL n (F)). 
It is now easy to check that the following result is true. 

Proposition B.8. Let k eW. 

For every (x , . . . ,x m ) S G n (F k ) m+1 , we set 



$(*) 



Uj£l.., xm x Ho mj (ff, GL n {F)) — 

x (2/0 ^ • ■ • Vm,f) ' 

Then <& x k o,...,x m is a homeomorphism over t/io?...,x m - 

Let /o ^ . . . ^» 1 / TO &e an m-simplex in Af(Cj.k) m - For all £ S {0, . . . , m} 7 we 
set x^ := /^(*), and Zef and respectively denote the orthogonal complement 
of Xi in F k and in F k+1 . 
Then: 

(i) (i>i k o,-,x m x i d Hom 3 (_f/,GL„(F))) ° (®x$,...,x m ) _1 a homeomorphism onto 



JT[L(x£,x^) 



i=o 



x GL n (F) m x Hom^tf, GL n (F)). 



(ii) The restriction of (ip x k t% m x idHom 3 {H,GL n (F))j ° (^x t% m ) 1 io 

V+i ! m( C/ ^. 1 L)nA/'(C J i) m is precisely (i/>i k J,..., Xm x id Ho m.,(ff,GL n (F ))) 

fmj If fo°^- ■ • ■ °' r ^ 1 fm e J\f{Cj,h)m,a for some a C {0, . . . , m} 7 tften 

(v4oi..,s m x idHom^ff.GL,,^))) !^,...^)" 1 maps 7r7^ TO (?7|™. ) ..,x m )nA/'(C j;fe ) m;CT 



to 



((^)o<£<m, (V^) 



0<£<m-l 



x GL n (F) m : W G cr, 
x Hom^tf, GL n (F)) 



fi = <Pe+i 

i>t = In 
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Corollary B.9. For every m G N, Af(Cj_k) m has a structure of smooth manifold. 

Proof. The maps $xq,...,x to define a system of local trivializations. The transitions 
are smooth hence TTj,k,m is equipped with a structure of smooth fibre bundle with 
fiber Hom.j(H, GL n (F)) and structural group GL n (F). □ 

Corollary B.10. Let k G N, m G N*, a C a' C {0, . . . , m - 1}. 

• M(Cj y k)m,ij is a closed smooth submanifold of J\f{Cj^)m- 

• M{Cj t k)m.a' is a closed smooth submanifold of M{Cj t k)m,a ■ 

• Af(Cj^k) m ,a is a closed smooth submanifold of Af(Cj_k+i)m,a ■ 

Proof. By Proposition IB. 81 it suffices to proof the closeness. 

Let t G {0, . . . , m— 1}, and /o . . • — > 1 /m be an m-simplex in A/"(Cj k)m \ 

m,{<!} • 

If fe(*) 7^ then we choose a pair (U,U') of disjoint open subsets of 

G n (F k ) such that f e {*) G C/ and G 17'; then {(g ->• ► 3m ) G Af{C j>k ) m : g e {*) G f/,^+i(*) G 17'} 

is an open neighborhood of /o • • • — > 1 f m in A/"(Cj,fc) m which intersects 
A/"(C ijfe ) mj{£} trivially. 



is an open neighborhood of fo ^ ■ ■ • 1 / OT in N(Cj t }-) m which intersects 
■^{Cj,k)m,{l} trivially. This proves that M{Cj t k) m ,{i} is a closed subspace of 
N{Cj,k)m- We deduce that N(Cj^)m,a< is a closed subspace oiM[Cj tk ) m>cr when- 
ever a C cr' C {0, . . . , to — 1}. 

Let a C {0, . . . , to— 1}, and /o • • ■ — > 1 / m be an TO-simplex in Af(Cj,k+i)m,o\ 
N{Cj,k)m,v Then there exists an index ^ G {0, ...,m} such that fe{*) G 
G„(77 fc+1 ) \ G n (F k ). The subset of A%£ +1 (F)-mod) ro consisting of those 
TO-simplices yo — > ■ ■ ■ — > y m such that ye G G n (F k+1 ) \ G n (F h ), is open in 
A/"(7^ +1 (F) -mod) m , and its inverse image by TTj t k+i,m is an open neighborhood 
of fo •■• — /m in A/"(Cj l fe+i)TO which intersects M{Cj^)m.a trivially. It 
follows that M(Cj : k) m ,a is a closed subspace of Af(Cj t k+i)m,a- d 

Corollary B.ll. For every to G N, Af(Cj) m has the homotopy type of a CW- 
complex. 

Proof. Let to G N. By Proposition IB.lOl 7V(Cj,fc-i)m is a closed submanifold of 
N{Cj,k)m for every fc G N \ {0,1}. In particular, the inclusion N{Cj t k-i) m C 
N(Cj.k)m is a closed cofibration, and it follows that Af(Cj) m , which is the colimit 
of this sequence of inclusions, has the homotopy type of the homotopy colimit of 
the sequence 



If /<?(*) = ft+i{*), then 




1 Y[L(x u xj-) x GL„(F)< x (GL„(F) \ {/„}) x GL„(F) 





■AT(Cj,i) m c • • • c N{Cj t k-i)m c Af(Cj, k ) m c • • • . 
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For every k G N*, we equip N{Cj^) m with a CW-complex structure (this is 
possible since N{Cj^)m is a smooth manifold). Thus every inclusion N{Cj^)m C 
N{Cj^k+i)m is homotopic to a cellular map /&. The homotopy colimit of the 
sequence 

M{C jtl ) m h--- 1 ^ 1 M{C jtk ) m f A Af(C j!k+1 ) m c • • • 

is then a CW-complex and has the homotopy type of the previous homotopy 
colimit. It follows that N(Cj) m has the homotopy type of a CW-complex. □ 

Corollary B.12. Let m e N and a C a' C {0, . . . , m}. 

Then Af(Cj) m ^i <->• M{Cj) m . a is a closed cofibration. 

Proof. We notice that A/"(Cj)„ liCT ' = limA/"(Cj,fc) m , cr ' and that Af(Cj) m ^ — lmiAf(Cj t k)m,o 



Furthermore, for every fc <E W, N(Cj.k) m ,<j H Af(Cj t k+i), 



= J\f(C jt k)m,<T'- The 

corollary is thus derived from Proposition IB. 101 from the fact that the inclusion 
of a closed smooth submanifold is a closed cofibration, and from the following 
lemma (the proof of which is straightforward) . □ 

Lemma B.13. Let 



An 



Jo 



Bn 



-> Ax 

h 



Pn- 





>■ 


-4 


/n 




/r 


>+i 






B 



/3n 



n+1 



be a commutative diagram in the category of topological spaces such that 
(i) all morphisms are closed cofibrations; 

(ii) for every n £ N, A n+ i n B n — A n , where A n , A n+ i and B n are seen as 
subspaces of B n+ \ . 



Then limA r , 

11EB 



limi? n is a closed cofibration. 



Proof of Provosition \B.6\ We deduce from Corollary IB . 121 that Cj is a good sim- 
plicial space and it follows from point (iv) of Proposition A.l of [T3] that \Cj \ has 
the homotopy type of \\Cj\\. Also, every component of the nerve of Cj has the 
homotopy type of a CW-complex, and we deduce, using point (i) of Proposition 
A.l of [13], that ||Cj|| has the homotopy type of a CW-complex. Hence \Cj\ has 
the homotopy type of a CW-complex. □ 

From Proposition lB.6l we deduce that | Func(£>ff, 7(F) -mod) = TJ Func.,- (BH, j{F) -mod) | 

has the homotopy type of a CW-complex, hence so does (VecQ°°) H . This com- 
pletes the proof of Theorem 
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Remarks 19. (i) In a similar fashion, we may prove that | Func(23£T, (F) -mod) | 
has the homotopy type of a CW-complex for every m £ N*. Since, for 
m € N*, we do not know how to construct an extension functor as in Sec- 
tion [BJ~31 this is not really interesting. However, when G is discrete and 
H is a finite subgroup of it, this shows that (VeCg™) ff has the homotopy 
type of a CW-complex for every m S N* U {00}. 

(ii) The proof of Proposition lB.6l mav easily be adapted to the case of | Func, (BTL, ^(F) -imod) 
it suffices to replace GL n (F) by U n (F) everywhere. We then deduce that 
(iVecQ°°) H has the homotopy type of a CW-complex, and (sVecQ°°) H 
also does, since it is homotopy equivalent to it. 

C A note on T-spaces 

When A is a T — G-space, BA will denote its thick geometric realization (where 
a colimit is used instead of a homotopy colimit). For every finite set 5", we have a 
T — G-space A(S x — ) , and we let BA(S) denote its thick geometric realization. 
Then B A is a T - G-space, and BA{1) = BA. 

It is only when A(0) is a point that there is a well-defined canonical map 
A(l) — > VlBA. It thus appears that the map Segal deals with in [14 has to be 
understood as the composite of the canonical map A(l) — > Vt{BA/ A(0)) with a 
homotopy inverse of VlBA — > VL{BA/ A(0)). The existence of such a homotopy 
inverse relies upon the following lemma (in its non-equivariant form): 

Lemma C.l. Let G be a topological group, B be a well-pointed G-space, and 
B <— » A be a closed G-cofibration. Assume B is G-contractible. Then A — > A/ B 
is a pointed equivariant homotopy equivalence. 

Proof. Since B > A is a G-cofibration and B — > * is an equivariant homotopy 
equivalence, we may apply the equivariant version of the homotopy theorem for 
cofibrations to the push-out square 

B > * 

I ! 

A ► A/B, 

and therefore deduce that A — > A/B is an equivariant homotopy equivalence. 
Since B is a well-pointed G-space and A/B also is - judging from the preceding 
push-out square - we deduce that A — > A/B is a pointed equivariant homotopy 
equivalence. □ 

In order to have a map of the form claimed by Segal, it then seems that 
we need to assume that A(0) is a well-pointed space. In this case A(0) will be 
both contractible and well-pointed, and we may deduce from Lemma IC.ll that 
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flBA — > n(BA/A(0)) is a pointed homotopy equivalence. In the case of T — G- 
spaces, we assume that A(0) is a well-pointed G-space, and obtain the same 
result in the equivariant context. If we choose a pointed (equivariant) inverse 
s : Q(BA/A(0)) -> ttBA of VlBA ->• ti(BA/A(0)) up to pointed (equivariant) 
homotopy, we finally obtain a map 

A(l) — > n(BA/A(0)) — > UBA 

which has the properties claimed by Segal in |14j (again, in the equivariant con- 
text). 

Remark 20. We could have simply assumed that A(0) is a point (as in the 
definition of an equivariant T-space given by Luck and Oliver in [3]). However, 
if A is a r — G-space defined in such a way, then BA(0) is not a point. 

The following easy lemma makes our definition relevant : 

Lemma C.2. Let G be a topological group and A be a T — G-space such that 
A(0) is a well-pointed G-space. Then B n A(0) is a well-pointed G-space for every 
positive integer n. 

Our next problem is to establish the properties of the various maps fl n B n A — > 
Q n+1 B n+ A that can be deduced from the previous ones. This is essentially 
treated in Lemma 2.6 of [S], but the previous remarks make a more rigorous 
proof necessary (part of the problem being that it is not obvious why the square 
appearing in the proof of the aforementioned lemma is commutative up to equiv- 
ariant homotopy). 

Given a T — G-space A such that A(0) is well-pointed, we construct the T — G- 
space B n A as follows for every finite set S, we consider the G-space 

|_J A(S x h x ■■■ x i n ) x (A* 1 x • • • x A*"), 

(ii,...,i„)6N™ 

and we then construct the quotient space using the face maps. This quotient space 

is no other than B" A(S), as defined by Segal in [M], and this can easily be checked 

by induction on n. In particular, B n A is a quotient space of f ] ^(ii x 

(u,...,i„)eN» 

••• X i„) X (A 11 x ••• x A 4 "), whilst B n A(0) = A(0) x B n * is equivariantly 
contractible. 

For n > and < k < n, the identification maps 
A(0xhx- ■ -xi n )x(A 41 x - • .xA'") A A(iiX- • - xi k xOx- • -xi n )x(A Jl x. . . A ik xA 
give rise to an injection 

Jn+i ■ B n A(0) ^ B n+1 A. 
which is a closed G-cofibration. For every positive integer n, we set: 
B%A;= U Jn(B n ~ 1 A(0)) C B n A. 

0<k<n— 1 
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Proposition C.3. Let A be a T — G-space. Then: 

(a) The embedding BqA » B n A is a closed G-cofibration. 

(b) The space BqA is G-contractible. 

Proof. We will use the notation "*" to denote the trivial T — G-space (with a 
point in every degree). The set Bq A is a closed subspace of B n A, since it is a 
finite union of closed subsets. Also, we remark that BqA = AJO) x Bq *. Since 
A(0) is G-contractible and G acts trivially on Bq *, statement (b) will follow if 
we prove that Bq * is contractible. This last proof relies on the following double 
induction process. 

The result is clearly true when n = 1 (since Bq* = *). 

Assume that there is some integer n > such that, for every < k < n — 1, the 

k 

space U jn{B n *) is contractible. Then j„ + i(B"*) — B n * is contractible for 

i— 

every integer k E [n]. In particular, i°_i_i(-B n *) is contractible 

Assume further that, for some k S [n— 1], U j^+i (£?"*) is contractible. We can 

i— 

then consider the following cocartesian square: 



Z — 2 — U 

By assumptions, the two upper spaces are contractible, and it follows that the 

upper horizontal map is a homotopy equivalence. Also, the left-hand vertical 

map is a cofibration. We can then apply the homotopy theorem for cofibrations 

fc+i . k . 

to obtain that U j„+i(-B n *) has the homotopy type of U 3n+\\B *), and deduce 

i=0 i— o 

that it is contractible. We conclude that Bq * is contractible for every positive 
integer n, which proves statement (b). 

It remains to prove that BqA ^ B n A is a G-cofibration. However the maps 
Jn>in> • • • >in _1 are an dosed G-cofibrations. Moreover, for every proper a C 
{0, . . . , and every i e {0, . . . , n— 1} \<r, the inclusion n j^(i? ,l_1 A(0)) ^ 

n j^(B n_1 : A(0)) is a G-cofibration (this is reduced to the easy case of the 

point by noticing that i?"~ 1 ; A(0) = A(0) x B 11 ^ 1 *). We then apply the equiv- 
ariant version of Lillig's theorem (cf. [7] for the non-equivariant version), and 
deduce that BqA ^ S ra A is a G-cofibration for every positive integer n. □ 

Corollary C.4. For every T— G-space and every positive integer n, the projection 
B" A — ¥ B n A/ Bq A is an equivariant pointed homotopy equivalence. 
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For every k € [n], the composite maps 

(A(ii x ••• x i n ) x (A 41 x ••• x A l "))xl — > Afax- ■ -xi k xlx- • -xi„)x(A n x- • -xA" xA'x- • -xA*") 

— > B n+1 A — ■+ S" +1 A/j^ +1 (B n A(0)), 
for («!,... ,i n ) 6 N", give rise to a pointed G-map B n AxI — > B n+1 A/j% +1 (B n A(0)). 
For every fc € [n], this last map yields a continuous map T,B n A — > B n+1 A/ [ U j!! +1 (B n A(0)) 

\ke[n] ^ 

and, furthermore, a map B n A — > fl(B n+1 A / Bq A) . If s denotes an homotopy 
inverse of the projection B n+1 A — > B n+1 A/BQA, composing the preceding map 
with 57 (s) yields, for every k S [n], a pointed G-map 

1* : £M — > 

which is uniquely defined up to an equivariant pointed homotopy. 

In the spirit of Segal's article [2], the morphism i„ is defined solely by con- 
sidering the continuous map B n A — > £l(B n+1 A/ j® +1 (B n A(0))) defined earlier in 
our construction, and by composing it with a homotopy inverse of Q(B n+1 A) — > 
Vl(B n+1 A/ ' j^ l (B n A(0))) (such an inverse exists because j° is a cofibration and 
B n A(0) is G-contractible) . It is now clear that the morphism we have just con- 
structed is the same one as Segal's, as a morphism in the category GGq*. 

Let £„ denote the group of permutations of {1, ...,n}, and let a G £„. 

(jn/Qjn -^I n /dl n , r , 

then cr gives rise to a : < , and furthermore, 

[(xi, . . . ,x n ) ^ (x a{1) i...,x a(n) ) 

for every pointed G-space X, to an equivariant homeomorphism 

{n n x — >n n x 

{ip : S n -»• X) ^(ipo (a)- 1 : S n -> X). 



For < fc < n, we let £ S,i+i denote the permutation of {1, . . . , ri + 1} 
which acts trivially on {1, . . . , n— fc}, and whose restriction to {ri — fc+1, . . . , n+1} 
is the decreasing cycle (i.e. (n + l,n,n — 1, . . . ,n — fc+1)). We finally set 



From there, the properties of the i^'s are similar to those claimed in [5] and are 
proven with similar arguments. We shall only restate them here: 

Proposition C.l. For every positive integer n and every k € [n], the morphism 
i„ is a G-weak equivalence. 

Proposition C.2. For any fixed positive integer n, the maps all 
define the same morphism in the category CG'q [Wq 1 ]. 

Remarks 21. (i) For any positive integer n, the maps are morphisms be- 
tween equivariant H-spaces. 

(ii) For any Lie group G, and any m £ W U {oo}, Vecffi m (0) = *. This justifies 
that the previous results can be applied to the T — G-space Vec G ' m , as is 
done in Section PX~5l 
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